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Standard Notation

We consider arithmetic in certain (multiplicative)
submonoids of N.

As a tool, we also consider multiplication in Zp,.
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We consider arithmetic in certain (multiplicative)
submonoids of N.

As a tool, we also consider multiplication in Zp,.

For any set S, we write:
S* for the units of S
S* for the non-units of S
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Standard Notation

We consider arithmetic in certain (multiplicative)
submonoids of N.

As a tool, we also consider multiplication in Zp,.

For any set S, we write:
S* for the units of S
S* for the non-units of S

irreducibles, elasticity p, valuation vp(x), etc.
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Nonstandard Notation

Let C N, and let n € N.
We let [ ]n : Z — Zp be the natural epimorphism.
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Nonstandard Notation

Let C N, and let n € N.
We let [ ]n : Z — Zp be the natural epimorphism.

[Mn={[X]n€Zn: x €T} CZn
(Mh={xeN:[x]pe[Myu{l} CN

Mn={gcd(x,n): x € I'*} c[1.n]
= {gcd(x, n) : [x] € [[n}
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Monoids Defined

RecallthatT C N, ne N, [[p={[X]n€Zn: x €T*},
(Mp={xeN:[X]pe[Matu{1},Th={ged(x,n): x el*}

Trivial: I C (") C (Mg, for any k|n.
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Monoids Defined

RecallthatT C N, ne N, [[p={[X]n€Zn: x €T*},
(Mp={xeN:[X]pe[Matu{1},Th={ged(x,n): x el*}

Trivial: I C (") C (Mg, for any k|n.

If (I, is closed, we call (I'), a congruence monoid.
If also |[[s| =1, () is an arithmetic congruence monoid.
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Arithmetic Congruence Monoid Classification

RecallthatT TN, ne N, [[y={[x]n€Zn: x €T*},
(Mp={xeN:[x]pe[ltu{1},Th={gcd(x,n): x e}

For ACM: |[lal =|Th| =1. Tnh={d}, d=gcd(m,n)
[ = {[m]}, and [m][m] = [m]. (in Zp)
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Arithmetic Congruence Monoid Classification

RecallthatT TN, ne N, [[y={[x]n€Zn: x €T*},
(Mp={xeN:[x]pe[ltu{1},Th={gcd(x,n): x e}

For ACM: |[lal =|Th| =1. Tnh={d}, d=gcd(m,n)
[ = {[m]}, and [m][m] = [m]. (in Zp)

1. [[ln =15 “regular” Note: must have [m] = [1].
2. [Mn =[] “singular”
2.1 [m =1[0]. *“Ma,". Here (INp=(nN)uU {1}
2.2 d = p“fora,p €N, pprime. “local”
2.3 dis not a prime power. “global”
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ACM Results: Regular

RecallthatT C N, ne N, [[p={[X]n€Zn: x €T*},
(Mp={xeN:[X]pe[Matu{1},Th={gcd(x,n): x el*}

Regular ACM: [T, =[5 = {[1]}
e.g. Hilbert monoid 1 + 4Np.
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ACM Results: Regular

RecallthatT C N, ne N, [[p={[X]n€Zn: x €T*},
(Mp={xeN:[X]pe[Matu{1},Th={gcd(x,n): x el*}

Regular ACM: [T, =[5 = {[1]}
e.g. Hilbert monoid 1 + 4Np.

Very nice behavior: ('), is saturated in N, and hence Krull.

There exists a transfer homomorphism ¢ : (I'), — B(Z}),
the block monoid on the (multiplicative) group Z; .

(well-studied arithmetic)
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ACM Results: Singular M, 4 Local

Recallthat T C N, ne N, [[y={[X]n€Zn: x €T*},
(Mp={xeN:[X]ne[lMatu{1},Thn={gcd(x,n): x el*}

Singular ACM: [T, = [} = {[m]}
Mg local: m=n=d=p~
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ACM Results: Singular M, 4 Local

Recallthat T C N, ne N, [[y={[X]n€Zn: x €T*},
(Mp={xeN:[X]ne[lMatu{1},Thn={gcd(x,n): x el*}

Singular ACM: [, = [T = {[m]}
Mg local: m=n=d=p~

vp i {Mn— (a,a+1,...,2a — 1) is a transfer
homomorphism into Ny under addition.

p = 22=1 accepted, no primes
Ifa = 1, half-factorial
If & > 1, not half-factorial, not fully elastic, A = {1}.
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ACM Results: Singular M, 5 Global

Recallthat T C N, ne N, [[p={[X]n€Zn: x €T*},
(Mp={xeN:[xX]peMatu{1},Thn={gcd(x,n): x el*}

Singular ACM: [T, = [} = {[m]}
Mazglobal: m=n=d=p{" - p*
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ACM Results: Singular M, 5 Global

Recallthat T C N, ne N, [[p={[X]n€Zn: x €T*},
(Mp={xeN:[xX]peMatu{1},Thn={gcd(x,n): x el*}

Singular ACM: [T, = [} = {[m]}
Mazglobal: m=n=d=p{" - p*

There is a natural transfer homomorphism
¢: (MNn— (1,...,ax) + NE, a submonoid of N& under
addition.

Each element is product of two irreducibles “bifurcus”.
no primes, p = oo, not fully elastic, A = {1}.
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ACM Results: Intermezzo

RecallthatT C N, ne N, [[a={[X]n€Zn: x €T},
(Mp={xeN:[x]pe[Matu{1},Th={gcd(x,n): x el*}

ACM: [T, = [T = {[m]}, T = {d}
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ACM Results: Intermezzo
RecallthatT C N, ne N, [[a={[X]n€Zn: x €T},
(Mp={xeN:[x]pe[Matu{1},Th={gcd(x,n): x el*}
ACM: [ = [T]5 = {[m]}, Th = {d}
Theorem: (M5 = (dN)N (F);,/d where

(dN)g is a singular M,  ACM
(M) nya is a regular ACM
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ACM Results: Singular Local

RecallthatT C N, ne N, [[p={[x]n€Zn: x €T},
(Mn={xeN:[x]pel}u{1},Th={gcd(x,n): x e}

Singular Local ACM: [, = {[m]}, T'n = {d} where d = p®
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ACM Results: Singular Local

RecallthatT C N, ne N, [[p={[x]n€Zn: x €T},
(Mn={xeN:[x]pel}u{1},Th={gcd(x,n): x e}

Singular Local ACM: [, = {[m]}, T'n = {d} where d = p®

There exists minimal 3 > a such that p® € (I'),.

p = 2481 half-factorial if « = 8 = 1, A a known interval.

«

Accepted? sometimes. Full? sometimes.
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ACM Results: Singular Global

RecallthatT C N, ne N, [[p={[X]n€Zn: x €T*},
(Mp={xeN:[X]pe[lMatu{1},Th={gcd(x,n): x el*}

Singular global ACM: [, = {[m]}, Tn = {d}, d = p*r
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ACM Results: Singular Global

RecallthatT C N, ne N, [[p={[X]n€Zn: x €T*},
(Mp={xeN:[X]pe[lMatu{1},Th={gcd(x,n): x el*}

Singular global ACM: [, = {[m]}, Tn = {d}, d = p*r

Each element is the product of at most \ irreducibles.
no primes, p = oo, not fully elastic, A C [1,\ — 2].
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Congruence Monoid Classification

Recallthat T C N, ne N, [[y,={[x]n€Zn: x €T*},
(Mp={xeN:[x]pe[lMatu{1},Th={gcd(x,n): x el*}

Set d = lem(p), § = ged(lp)
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Congruence Monoid Classification

Recallthat T C N, ne N, [[y,={[x]n€Zn: x €T*},
(Mp={xeN:[x]pe[lMatu{1},Th={gcd(x,n): x el*}

Set d = lem([p), § = ged(lp)

1. If d =6 then || = 1. “J-monoid”

2. [Mn=1r]%. “regular’ i.e. T,={1}

3. [Tln=1[I]5- “singular” ie.1¢T,
d=p*“local” d= p“r“global’

4. [, [F]% each nonempty. “semi-singular”
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Congruence Monoid General Result

RecallthatT C N, neN, [[p={[x]n€Zn: x €T*},
(Mp={xeN:[x]pel}u{1},Th={gcd(x,n): x e}
d =lcm(lp), & = ged(Mpn)

Thm: (T'),/q is a regular CM and [],/g < Z,f/d

SAN DIEGO STATE
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CM Results: Regular

RecallthatT C N, n €N, [y ={[x]n € Zn: x €T*},
(Mp={xeN:[x]pe[Matu{1},Thn={gcd(x,n): x el*}
d=lem(lp), 6 =gcd(lp)

Regular CM: [M,=1r, d=1 [N.<2Z,

Lemma: (I), is saturated in N (hence Krull)

Pf: Let x, y € N* with x, xy € (I). Then [x], € [Mn < Zj,.
Let z € N with [z]s[x]n = [1]n. 2Xy € (), SO

[2xy]n = [Z]n[X]nlY]n = [¥]n € [T]n. Hence y € ([)n.

SAN DIEGO STATE
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CM Results: Regular

RecallthatT C N, ne N, [[,={[x]n € Zp:x €T*},
(Mn={xeN:[x]pelu{1},Th={gcd(x,n): x e}
d =lem(Fy), & = ged(Tp)

Regular CM: [, =1l], d=1,hencell],<Z,;

There is a transfer homomorphism ¢ : (M), — B(Zy /[]n),
the block monoid on the quotient group Z /[']».

(well-studied arithmetic)
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CM Results: Intermezzo

RecallthatT CN,ne N, [[,={[x]n € Zp:x €T*},
(Mp={xeN:[x]pe[Matu{1},Th={gcd(x,n): x el*}
d=lem(lp), 6 =gcd(lp)

Theorem: (dN) N (M)} 4 € (N5 S (N) N (N7 4

Note 1: Recall that ('), ¢ is a regular CM
Note 2: If d =¢ “d-monoid” (dN)N <F>;7/d =My

SAN DIEGO STATE
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J-monoids Group Structure

RecallthatT C N, neN, [[p={[x]n€Zn: x €T*},
(Mp={xeN:[x]pelu{1},Th={gcd(x,n): x e *}
J-monoid: ', = {d} (I =(dN)N <I'>;7/d

Theorem: [I'], has a group structure under multiplication

SAN DIEGO STATE
UNIVERSITY
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J-monoids Group Structure

RecallthatT C N, neN, [[p={[x]n€Zn: x €T*},
(Mp={xeN:[x]pelu{1},Th={gcd(x,n): x e *}
J-monoid: ', = {d} (I =(dN)N <I'>;7/d

Theorem: [I'], has a group structure under multiplication

Example: T — {4, 16, 24,36, 44,56, 64, 76, 84, 961,
n=100,d =4. [r]100 = Z19- The identity is. ..
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J-monoids Group Structure

RecallthatT C N, neN, [[p={[x]n€Zn: x €T*},
(Mp={xeN:[x]pelu{1},Th={gcd(x,n): x e *}
J-monoid: ', = {d} (I =(dN)N <I'>;/d

Theorem: [I'], has a group structure under multiplication

Example: T — {4, 16, 24,36, 44,56, 64, 76, 84, 961,
n=100,d =4. [r]100 & Z19- The identity is. .. 76.

The ¢(10) = 4 generators are. ..
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J-monoids Group Structure

RecallthatT C N, neN, [[p={[x]n€Zn: x €T*},
(Mp={xeN:[x]pelu{1},Th={gcd(x,n): x e *}
J-monoid: ', = {d} (I =(dN)N <I'>;/d

Theorem: [I'], has a group structure under multiplication

Example: T — {4, 16, 24,36, 44,56, 64, 76, 84, 961,
n=100,d =4. [r]100 & Z19- The identity is. .. 76.

The ¢(10) = 4 generators are. .. 4, 44, 64, and 84.
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CM Results: Regular and Semi-Singular

RecallthatT C N, ne N, [[p={[x]n€Zn: x €T*},
(Mp={xeN:[x]pel}u{1},Th={gcd(x,n): x e*}

Thm: Suppose [, # 0. Then (I'), has co many primes.
Pf: [1] € [[]n, Dirichlet’s theorem on primes.

SAN DIEGO STATE
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CM Results: Regular and Semi-Singular

RecallthatT C N, ne N, [[p={[x]n€Zn: x €T*},
(Mp={xeN:[x]pel}u{1},Th={gcd(x,n): x e*}

Thm: Suppose [, # 0. Then (I'), has co many primes.
Pf: [1] € [[]n, Dirichlet’s theorem on primes.

Note: If a CM is singular, then it has no primes.

SAN DIEGO STATE
UNIVERSITY
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CM Results: Regular and Semi-Singular

RecallthatT C N, ne N, [[p={[x]n€Zn: x €T*},
(Mp={xeN:[x]pel}u{1},Th={gcd(x,n): x e*}

Thm: Suppose [, # 0. Then (I'), has co many primes.
Pf: [1] € [[]n, Dirichlet’s theorem on primes.

Note: If a CM is singular, then it has no primes.

Thm: Suppose (I'), is semi-singular, and [']}, is a global
singular ACM. Then p = oo and the elasticity is full.
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CM Results: Regular and Semi-Singular

RecallthatT C N, ne N, [[p={[x]n€Zn: x €T*},
(Mp={xeN:[x]pel}u{1},Th={gcd(x,n): x e*}

Thm: Suppose [, # 0. Then (I'), has co many primes.
Pf: [1] € [[]n, Dirichlet’s theorem on primes.

Note: If a CM is singular, then it has no primes.

Thm: Suppose (I'), is semi-singular, and [[']5, is a global
singular ACM. Then p = oo and the elasticity is full.
eg.N={1,6},n=6; {1} p=1,{6} p=ocnotfull
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CM Results: Singular Local

RecallthatT C N, ne N, [[p={[Xln€Zn: x €T*},
(Mh={xeN:[x]pel}uU{1},Th={gcd(x,n): x e*}
d=lcm(lp), 6 =gcd(lp)

Singular Local CM: d = p%, § = p?
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CM Results: Singular Local

RecallthatT C N, ne N, [[p={[Xln€Zn: x €T*},
(Mh={xeN:[x]pel}uU{1},Th={gcd(x,n): x e*}
d=lcm(lp), 6 =gcd(lp)

Singular Local CM: d = p%, § = p?

There exists minimal 3 > ~ such that p? € (') ..

Thm:%@qug%ﬁq, forc=T[(a+B-1-7)/5]

SAN DIEGO STATE
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CM Results: Singular Local

RecallthatT C N, neN, [[p={[x]n€Zn: x €T*},
(Mh={xeN:[x]pel}uU{1},Th={gcd(x,n): x e*}
d=lcm(lp), 6 =gcd(lp)

Singular Local CM: d = p%, § = p?

There exists minimal 3 > ~ such that p? € (') ..
Thm: 21 < p < “=1 forc = [(a+ 5 —1—-7)/5]

Note 1: If J-monoid, then ¢ = 1, a = v, and equality
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CM Results: Singular Local

RecallthatT C N, ne N, [[p={[Xln€Zn: x €T*},
(Mh={xeN:[x]pel}uU{1},Th={gcd(x,n): x e*}
d=lcm(lp), 6 =gcd(lp)

Singular Local CM: d = p%, § = p?

There exists minimal 3 > ~ such that p? € (') ..
Thm: @42=1 < p < @210 forc = [(a+ B8 —1—7)/8]

Note 1: If J-monoid, then ¢ = 1, a = v, and equality
Note 2: Half-factorial if a = g =~ =1
Accepted? sometimes. Full? sometimes.
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CM Results: Singular Global

RecallthatT C N, ne N, [[p={[X]n€Zn: x €T*},
(Mp={xeN:[X]pe[Matu{1},Th={gcd(x,n): x el*}
d=lem(lp), 6 =gecd(lp)

Singular global CM: d = p%r

SAN DIEGO STATE
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CM Results: Singular Global

RecallthatT C N, ne N, [[a={[X]ln€Zn: x €T},
(Mp={xeN:[X]pe[Matu{1},Th={gcd(x,n): x el*}
d=lem(lp), 6 =gecd(lp)

Singular global CM: d = p*r

Thm: Suppose d, § share the same prime factors. Then
each element is the product of at most ) irreducibles.
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CM Results: Singular Global

RecallthatT C N, ne N, [[a={[X]ln€Zn: x €T},
(Mp={xeN:[X]pe[Matu{1},Th={gcd(x,n): x el*}
d=lem(lp), 6 =gecd(lp)

Singular global CM: d = p*r

Thm: Suppose d, § share the same prime factors. Then
each element is the product of at most ) irreducibles.

Note 1: If J-monoid, hypothesis is met
Note 2: p = oo, not fully elastic

SAN DIEGO STATE
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