Math 254 Exam 3 Solutions

1. Carefully define the term “dimension” as it applies to vector spaces.
Give two examples: a four-dimensional vector space, and an infinite-
dimensional vector space.

The dimension of a vector space is the size of any basis of that vector
space. R?, the set of all 4-vectors, is a four-dimensional vector space.
Rlz], the set of all polynomials with real coefficients, is an infinite-
dimensional vector space.
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2. Find the LU decomposition of A = 2 3 2 |,if it exists.
-1 3 0

BONUS: Find the LDU decomposition of A, if it exists.

1 0 =2

We put A in echelon form with ERO’s; we get FsEs /A= | 0 3 6
0 0 -8

1 00 10 1 00

where /1= | =2 1 0 | ,Ea=1]0 1 ,and Es=( 0 1 0
0 01 10 0 -1 1
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We then have A = E; ' E; B3 | 03
00
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For LDU decomposition, D = diag(1, 3, —8) is the diagonal of this first
U; hence we factor 1,3, —8 out of each row, respectively. This gives
100 10 0 1 0 =2

A=| 21 0 03 0 01 2
111 00 —8 00 1
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3. Find | —1 1 0| ,ifit exists.
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We form the augmented matrix [ — and perform
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ERQO'’s to put the left side into row echelon form. We have

1 0 =2 10 0 1 00 1 0 2[/1 0 0]
01 0 01 —2 110 11 0|0 1 0] =
00 1 00 1 00 1 00 1/00 1
(1.0 0|1 0 —2 1 027" 10 —2]
01 0|1 1 —2|.Hence| —1 1 0 =111 =2
|00 1|00 1 001 00 1|

The remaining problems both concern B = [ g i } :

. Write B as the product of elementary matrices.

We first put B into diagonal form using elementary matrices. One way:
1 -3 1 0 0 10 23] (10 0
0 1]lo =20 1] =2 1][34] |01 "
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237 [ 1o]'[Lo] "1t o]'[t =31"'[to0]
34| -3 1 0 1 0 —2 0 1 0 1]
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. Calculate f(B), for the polynomial f(z) = 23 + 22% — 31,.

[ro 23] o, [13 18] 3 [ 80 111
[2_{0 1}’3_[3 4}’3_[18 25}’3_{111 154}

80 111 13 18 10 103 147
f<B)—[111 154]+2{18 251_3[0 11—{147 201]‘
This problem illustrates a nice feature of symmetric matrices; if you do

arithmetic (addition, multiplication, etc.) with them, the results will
remain symmetric.



