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ABSTRACT. In this paper we are going to discuss how extending the definition of
length affects the elasticity of different numerical semigroups. The primary focus will
be looking at properties that affect the elasticity through both the local and global
perspectives. We will fully characterize the global t-elasticity for a semigroup with
any number of generators, as well as 7, the set of values of ¢ for which the ¢-elasticity
is accepted in the two generated case.

1. INTRODUCTION

In this paper we will be looking at the various properties of numerical semigroups
and most specifically the properties regarding the t-elastisity of a numerical semigroup
(see [1] for more). We will start with some background information to assist the reader
in understanding these concepts.

Throughout this paper, fix ¥ € N, and let a = (ay, ..., a;) € N*¥ be a minimal integer
vector whose entries are in monotone increasing sequence. A numerical semigroup,
S = (ay,...,ax), is a subset of the non-negative integers that is closed under addition
and has a finite complement t in the non-negative integers. See [7] or [8] for a more
thorough expansion. Namely,

S:{nGZZO:n:alzl+...+akzk,ziEZZO}

Let S = (a) be the semigroup generated by the entries of a. We call a the generating
vector of the semigroup. For example, we can look at the numerical semigroup, S =
(4,7). Written in set notation we have that S = {0,4,7,8,11,12,14, ...}

A factorization z € NE of a semigroup element n is a k-tuple which encodes a
decomposition of n into atoms (generators of the semigroup). This can be written
as z = (z1,...,2r). Keeping with the same semigroup as before, (4,7), let’s look
at the element n = 53. While this particular element has only two factorizations,
it is important to note that other semigroup elements can have more factorizations.
The specific factorizations of 53 are (8,3) and (1,7). These can be written out as
polynomials which help to visualize why these factorizations work for n = 53. Namely,

(8,3) — 8(4) 4+ 3(7) = 53
(1,7) = 1(4) + 7(7) = 53
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In the study of semigroups, the notion of the length of a factorization is typically
defined as its coordinate sum, or ¢; norm. We will extend this notion to all £, norms
using a real-valued parameter ¢t € [0,00), defining the t-length of a factorization in
terms of its /; norm. Recall that the ¢; norm is the map

j=17%j
. 1/t
(Zj:l ,z;) fort > 1

As t — oo, it is known that ||z||, = max{z;}, so we define ||z|| . = max{z;}
according to that limit. When % + % =1, s and t are called Holder conjugates, and ¢;
and /, are dual vector spaces. For any fixed ¢, we let s(t) = ﬁ denote the conjugate
parameter value of t. Additionally, we will define ¢(t) = t_%where% + % =1 as duals.
We say that 1 and oo are duals.

Let’s continue with the same example and let t = 2. Let z = (8,3)andw = (1,7).
So we have that

1/t
(Zk zt> for0<t<1
], :RF - R given by

lzlle = (8 +3%)7 = V73
Iwlla = (1% + 7%)2 = V50
For each semigroup element n, we denote its t-length set
Zi(n) ={llzll, | z € 7~ (n)}.
as well as its minimum and maximum factorization lengths,
l;(n) = min %(n) and Li(n) = max % (n),

not to be confused with the well-known sequence/function spaces. For S = (4,7),n =
53 and t = 2 we have that

Z(53) = {V/50, V73}
min.%(53) = v/50
max .%(53) = V73

For more in depth information on lengths, see [?], or [6].

We define the t-elasticity p; of a semigroup element as

) =

referred to as local t-elasticity, in contrast to the elasticity of the semigroup, which we

define
pi(S) = sup{p:(n)},

nes



ON THE T-ELASTICITY OF NUMERICAL SEMIGROUPS 3

called the global t-elasticity.If one is interested in reading more about Elasticity, see [3],
and [4], for more.

Finally, we will complete this example by looking at the local and global elasticises for
53 and S respectively. So we have

pa(53) = ’;j((:)) - % wd pa(S) = sup {pa(53)} = VT3

For instructions on how to generate information on numerical semigroups go to [5].

2. GLOBAL ErLAsTICITY
2.1. Global Elasticity on [1, oc].

Lemma 2.1. (Exztreme values over RL) Fizn > 1 € Ny and t > 1 € R. Define
C:REy — R by C(x) =a-x—n. Let e; denote the i-th standard basis vector, and let
V(C) C RE denote the vanishing set of C. Finally, let q(t) = t/(t—1) fort € (1,00).
For allk > 2 and x e NsNV(C),
n n
min (||x||,) = —— and max (||x||,) = —,
i Ul = e (1) = 2
which occur at the (possibly non-integer) points
1
nm(t) = o Z al~te; and oM ="

7

(lall,)* “
respectively.

Proof. We are interested in the extreme values of [|-||, over N§;N'V(C'). We will obtain
bounds on the extrema of ||-||, over N§ by solving the optimization explicitly over R¥
using the method of Lagrange multipliers.

Since g(x) = \/x increases monotonically for x > 0, ¢)1, the set of points where ||-||,
takes on its extreme values agrees with the set of points at which extrema of ||-||; are
achieved. As such, we can simplify the problem to locating the points in R, N'V(C)
that optimize the function f(x) := ||x|..

The method of Lagrange multipliers relies on the fact that the extrema of f over
V(C') must occur at points x € V(C) satisfying at least one of the following criteria:

i) (x,A) is a solution to the Lagrange system,
L(x,\) =Vf(x)—AVC(x) =0

C(x,\) =C(x) =0.
ii) x € 9(RE,NV(C)) (that is, x lies on the boundary of V(C) C R
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Fix k> 2 and t € (1, 00) We wish to locate points x € V(C) C RE, where the extrema

of f(x) = Zle xt are achieved. We begin with the Lagrange system, which consists
of the k + 1 equations.

(2.1) Li(x,\) = tz'™t — \a;

7

(2.2) C(x,\) = C(x) = —n+ Z a;x; = 0.

1€[k]

Each L; can be solved for x; in terms of A, obtaining
1

(2.3) v = (Ata")t__l

We substitute into (2) to get an equation dependent only on A, namely

1
A\ 1 =
0=-nt(3)7 Tl

1€[k]

We use algebra to solve for A, which results in
—t/q
A=tn""" () af = tn'"" [[al| "

i€[k]

Back-substitution into (3) gives, for each i,

(tntl ai> ey na;/(t_l) nag/t
x; = = =

lall” ¢ et lally

We can write our solution nm, where

We take the t-norm of nm, our unique solution interior to V(C'), which gives us
1/t

t/(t—1 n —q(1-1 -1
Zai/( : - IJa|[? HaHZ/t:nHquq( /v :n||a||q .
i€[k] q

[|nm]|, = n |||, = —
nm =N (m = —
t 7 lall?

Now, we must check the points on the boundaries. We claim nm(¢) has minimal ¢-norm
ne
and that M = —= has maximal #-norm. We will prove this by induction on k, the

Qg
number of variables.
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In the base case, when k = 2, 9V(C') consists of the endpoints of the line segment
a111 + asxrs —n = 0 in the first quadrant, which are %1 and %, with ¢-norms a—"l and
-, respectively. It is easy to see that

n n n
< —< —
||a||q a2 a1

Y

since af < a3 < af + ai. This completes our proof of the base case.

Now, we assume that our lemma holds in k£ — 1 variables. By definition, V(C) is a
(k — 1)-dimensional hyperplane in R% , which is bounded by the k hyperplanes z; = 0
for each i. The intersection of each bounding hyperplane with V(C') consists of points
satisfying equations

0C;(x) = —n+ Z a;x; =0
i#j€E[k]
for each j € [k], obtained by substituting x; = 0 into the defining equation for V(C).

Notice that each JC} is a constraint equation of the desired form in k — 1 variables.

As such, we can apply our inductive hypothesis to conclude that

q
. oo
m; = min (||x|],) =n al and M; = ma x|],) = { @ .
= g Il =n | 3 = g (1) {_ o

for each j, which fully characterizes the extrema on the boundary of V(C).
We can therefore conclude that

‘I}l(lcl})(HXHt) = min ({m} U{m;|je [k]}> = m

Q

and
n n n
() = max { 2, 24 2
Vv(©) a; Qs ai
as desired.
Ul
Lemma 2.2. (Global co-elasticity.)
For all S = {(ay,aq,...,ax) where a; < ag < --- < aj and a = (a1, as, ..., a),
lally
w(9) = 140,
pool) =~
and the elasticity 1s accepted.
k
Proof. Let S = (ay,as,...,a;) and a = (ay,as,...,a;) € NE. Let n = Zaixi € s,
i=1

where x € Rgo- We have that z = (aﬂl, 0,...,0) is a factorization of n Any other real
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factorization can be written as x = z+ o, where a is a real-valued trade in ker a’ with
ay < 0 satisfying
asg Qg

—qp = —(){2+—a3+ o+ —a >0 and ag, ..., o € R,
aq ap ap

Each entry of the solution must be non-negative, so ——oa >0, and ay,...,0p =2 0.
For any «; such that 2 < ¢ < k, we have «; < Z—iah since o; = %al when all other
values ao, ..., ar = 0, excluding «;. For each 1, Z—ioq > 0 and we know that a; > aq,
so we must have that oy > Z—ic)q. Then, because aﬁl > «aq, we find that

n aq
— > (05} > — 1.
a a;
Therefore, [|x[lo < 2+
Now, consider the rational factorization z = (ﬁ, ﬁ, ce ”aH =) of n € S. Any other
factorization may be written as z + a where « is a non-zero trade in kera’. Since at

least one «; must be positive, ||z|| >z + o > 2z = H;ﬂ . We have thus shown that
1

max . Z(n) < - and min Ly > ——
RE, i RE, lall;

Since N¥ C R*, these bounds hold for integral factorizations of n as well. As such,

ey~ ) 2l
min{ % (n)} — Tl a
Let n = aillally € S for ¢ € Zxo. = = |afl; and = @1 We have that
(llall1,0,...,0) is a factorization of n, so max{.%,, ( )} = llallh = 2. Also, (a1, a1, ..., a1)
is a factorization of n, so min{ % (n)} = a; = T+ Lhus,
P (n) _ maX{Z ( )} ||6L||1
> min{.%(n)}  a;
Therefore, py(S) = ”Z!l and this elasticity is accepted. O
Theorem 2.3. (Global t-Elasticity Formula for Numerical Semigroups.)
0 t=1
Fiza € N§ with a; < aj wheni < j and ged({a;}) = 1. Define q(t) =< t/(t —1) t € (1,00),
1 =00

so that 1/t +1/q=1. Fiz S = (a). Then

pe(S) =

Furthermore, if t € {1,2,00}, then the elasticity is accepted.

JET
a1



ON THE T-ELASTICITY OF NUMERICAL SEMIGROUPS 7

Proof of Theorem. The 1-elasticity of any numerical semigroup S is known to be ac-
cepted, and is given by p;(S) = Z—’; = %, which agrees with the claimed formula, if
we set ¢ = oo when t = 1. Karina’s lemma verifies our claim in the ¢ = oo case, so it
remains to be shown for ¢ € (1, 00).

Fix t > 1. Lemma 1 gives an upper bound on the global elasticity of .S, namely
], _ [lall,
~ ], e

Recall that the minimal and maximal ¢-norms over the points satisfying C'(x) = 0
occur at

nm(t) = /" Ve, and M= "e
0= gy & e 0
respectively.
For t = 2, notice that when n = a, ||a]|> € Ny, the points that give extreme values
evaluate to

ar|lalfm(2) = a1 ) ae;  and  arflal;M = |[a|f;es,
i€k]
which are both integer points. As such, ps(n) = % is maximal, which verifies that in
this case, the elasticity is as claimed and that it is accepted.

To verify our elasticity formula for any other fixed ¢ > 1, we must ensure the of
existence of n € S with elasticity arbitrarily close to our upper bound. Consider the
set of points

V:{XERk | Zaj:vj:al}.
JE[K]
It is easy to see that a1 M = e; is a factorization of a; in S of maximal t-length. Since
Q" is dense in R¥, and thus dense in V NR¥, we can ensure the existence of an infinite
sequence of rational factorizations of ai, {z;} € V that converges to a;m, which is
irrational for ¢t # 2. Since {z;} — a;m, it follows that {||z;||,} — |Jaiml]],. As such,
for every e > 0, there exists N € Ny so that &« > N = ||z,]||, — a1 ||m]|, < ¢, which is a
positive quantity since a;m has minimal t-norm.
Fix € > 0, and choose a > N(e). We can write the rational factorization z, as

b
o3 e,
jelk)
with relatively prime b; € Ny, ¢; € Z+ for each j.

Let C' = lem({¢;}). then Cz, is an integer point, and hence a factorization of
a1C € S, and a;CM is as well. As such, we have

Pt(Cch): ||a1 ||t:a1|| ||t> CL1|| ||t _ || ||t .
|Czal, ||Zal |, ar |ml|, +e¢ ||ml||, +€¢/a;
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Since our choice of € was arbitrary, this implies that one can obtain an element with
v, llallg

elasticity arbitrarily close to Tl = e More formally, we have shown that
t
M, o) < IMIl,
pi(S) <
|lml], + ¢/ax [lm]],
which verifies equality of our formula for p;(S) by the squeeze theorem. O

Theorem 2.4. Fort > 1, p(S) is non-decreasing.

Proof. By Theorem 3.3, if t > 1, p,(S) = M where ¢(t) = %5. First, we will show
that ¢(t) is decreasing. ¢'(t) = (zt__ll))_zt = 1)2 < 0. Then, if t; >ty > 1, q(t1) < q(t2).
We know that this implies [|al|q¢,) > ||allqe) [9]. Thus, p, (S) = ooy > lolaey)

a1 - a1

p1,(S), and p;(S) is non-decreasing. O

Remark 2.5. It is possible for elasticity to be accepted for any other rational value of
t > 1. This was illuminated by the reparametrization and manipulation of our minimal
t-norm solution using the substitution u = ¢ — 1. Then for u € (0, c0),

k k -1
m(u):Za;/u ZaE"H)/u) e;

j=1 i=1

k k -1
:Za}/u alal/u>

j=1 i=1

k g\ ek -1
> (%) saa) o

j=1 J
S (sa(E))
= A= y

j=1 \i=1 aj

Claim 2.6. Fix any rational t > 1. There exist infinitely many generating vectors
b € R* such that pi({b)) is accepted.

Proof. Fix rational t = /5 > 1 for coprime, non-negative integers with o > 8 and
B # 0 and let p; be the i-th positive prime. Then we can write
a—p

u=t—1=
s

Define b(t) € R* by b Zpl ez, choosing ¢ € N such that pQ(a s k, to

ensure that the multiplicity is at least the number of generators. Consider S = (b(t)),
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and let n = q(a & ZZ ¥, Then the minimal ¢-length real factorization of n occurs
at the point

-1

k k pq(a_ﬂ) B/(a—p)
_ _ala—B) ga aa-p) PP |
=1 3

k
= iy e,
j=1

(Ot /B)Zl 1p e o

which is an integer point. We can also easily see that nM = S

Zle pl“eq, is an integer factorization as well. Since n achieves the bounds for both
minimal and maximal length, the elasticity is accepted. U

Example 2.7. Consider n = 198 € S = (3,5), which has factorization (66,0) of max-
imal length. (1,39) is also a factorization of 198, and when t = 1 + k(3,5)/k(1,39) =
In(65)/1n(39), it has minimal ¢-length, so S accepts this elasticity. We clalm that ¢ is
irrational. BWOC,

In(65) ¢

In(39) d

for some integers ¢ and d. This is true when there are integer solutions to (13(5))% =
(3)(13)¢. Since 3 is not a prime factor of 65, this value cannot be rational. So, S
accepts p; for at least one irrational value of ¢.

Remark 2.8. Recall the parametrized curve of Lagrange critical points when n = 1,

/(- 1)
q(t) Z

q(t) J=

"~ fal
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We can rewrite

A=)
_ J .
m(t) = ) (W) e

j=1 a

=1 "
1/(t—1) k 1/t-1)\
% _ a;
m;(t) = s D <Z i (a) ) ’
=1

=1"

So that

We can reparametrize, letting u = ¢ — 1, so that for u € (0, 00)

m(u) = Z (i a; (Z—) W) ) e,

j=1 \i=1 J
for u € (0,00). m is not defined at u = 0 or oo, but we will define it at its endpoints
by its limits at those points, which we will see in the following proposition.

k

Proposition 2.9. m(u) has limits 2—’; and y i, ﬁ as u approaches 07 and oo re-
1

spectively.

Proof. Given that a; < a; whenever 7 < j, it is easy to see that

T (R
lim (—) {1 =g
u—0% \ @ . .

00 P>

It follows that when j < k,

1 k @ 1/u k a1/u
lim —— =Y a [ lim (= =0+a, ; lim =
=2 (ﬂ%ﬂ (=) ) tagt 3w I o

diverges to infinity. Since its reciprocal diverges, this proves that lim m;(u) = 0.

u—0t
When j = k, we have
k 1/u
1 a;
lim —— = a; | lim [ = =0+ ag,
u—0t mk(u) Z ! <u—>07L (aj) ) k
i=1
which gives that lim, o+ m(u) = 2—:, as claimed.
a; 1/u
Now, to verify the limit at infinity, we note that for any 4, j, lim —  — 1, so that
U— 00 aj
. 1 i i & 1/u . i i e;
im —— = a; lim — = a; = ||a = im m(u) = )
u—>OOTnj(u> ; lu—>ooa,j ; 7 H H17 U300 ( ) ;HCLHI

Definition 2.10. Define the map x: R2; — R by (z,y) — Iny/z.
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Proposition 2.11. (The solution in t to m(t) = (z,t))

Fiza, n € S, and let x = (x,y), with x < e a real factorization of n € S.
Define T'(x) =1+ % Then
nm(7T(x)) = x.

Proof. In 2.8, we derived the representation of the lagrange curve, reparametrized in

terms of u =t — 1, given by
—1

m(1l+u) = i (i a; (Z—;)l/u> ;>

for u € (0, 00).
When k£ = 2, this gives us the curve

1 1

1/u’ 1/u
ay + az <Z—f> ay <a—1) + az

a2

m(l+u) =

We refer to the coordinates of as m; and mq. We evaluate nm; at u = T'(x) —1 = %,

and take its reciprocal (to make it look nicer), obtaining
K(x)

1 @) 1 NG
= — (CLI + az (a—2> (a)) = — <a1 + CL2€1 (‘”)“(a )
ra) n a n

“TR(x)

N2

1

nmq

Nad

We substitute x(a) = In (Z—f), obtaining

K(x)

1 Kk(a) —— 1
<CL1 + aqe ( )”i(a > = H (al + CLQQH(X)>

nmi

1
W@

T R(%)
1

1 1
== (al 1 agelny/x) =~ (CL1 + M) = E(alx +agy) =1/x.

We evaluate nmgy at u = % similarly,

(%)
1 @) L[ m(a)s
=— (al (a—l) @ —i—ag) =— (alel (&)@ +a2)
@) n a2 n

1

nmeo

U="—"7

r(%)

-1
Notice that In (Z—;) =In ((“—2> ) =—In <“—2> = —r(a). We use this to substitute

al al
H(a)
U= —t

= 1 (ale_ln@) + ag) = 1 <aleln<§> + a2) = 1 (w> =1/y,
e n n n Y

as desired. O

1

nme
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Corollary 2.12. T'(x) is a two-sided inverse of m(t). In particular, (T o m)(t)=t.

ln(%)

Proof. We have that T'(m(t)) = ;
a1taz(g?) =T

In| ——3——
<a1(%)tl+az>

+ 1. When looking specifically at the

bottom term, we can simplify:

0

Remark 2.13. The limits as m(t) approaches 07 and oo given by Proposition 2.9
imply that we must define its inverse as follows:

1 z=0
ln(Z—Q)
T(r,y) =1+ pmty 0<z<y
00 T =1y

2.2. Global Elasticity on [0, 1).

Lemma 2.14. Fiz a numerical semigroup S having minimal generating vector a € Z¥ .
Suppose t € (0,1) and q is the dual of t. If x is a factorization of n in S, then

(2.4 (3) < el < (ﬁ)

Moreover, these lower and upper bounds are achieved by the vectors

n n Z tf\l/a_iei

nm = —e; and  nM(t) = ———
o ally 2=

respectively

Proof. When n = 0, the only factorization is the zero vector with £ components. In
this case, (2.4) reduces to 0 < 0 < 0.

We may now assume that n is positive. Consider the functions Cj: RE, — R by
x — a-x —n and |-, Any factorization & of n must be an element of R2, with
integer components satisfying Cy(x) = 0. It follows that the t-norm of a factorization
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of n is bounded by the extreme values of ||-||; constrained by Cy(x) = 0. We may use
the method of Lagrange multipliers to find these extreme values.

The interior of the set of @ satisfying Cy(a) = 0 contains only vectors with no zero
components. Any critical point @ = (x1,2,...,x)) in the interior of this set must
satisfy

( —
trl ™t = Ay

trb ™t = Aay
(2.5)

t—1
to, " = Aay

a-r=mn
\

for some real A\. We have that A > 0, since otherwise we could never have a - = n
for the positive integer n. Since twﬁ_l is monotone decreasing,

(2.6) vi= "1 Ata

is the only possible value of any component z;. Equation (2.6) and a - & = n implies

k k
t—1 )\ai +—1 )\ q
Zai \l : =N = ?Zalzn
i=1 =1
D
= el =

:>)\:t((Ha—T‘q)q>t_l.

n y/a;

(lallg)

We have now identified & = nM (t) as the only critical point in the interior of the set
of vectors satisfying C(x) = 0. This gives

], = Ek: ((Tﬂa_@)t

=1

- (#)tuaq)q
- (njnq)

as the only possible extreme value of ||-||; constrained by Cy(x) = 0 not on the boundary
of the set of vectors satisfying the constraint. Note that for any vector a’ € R%, and

Therefore,

xTr; =
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function C; defined in the same way as Cj, the same result holds for the possible
extreme value of ||-||; restricted by C;(x) = 0.

We now consider possible extreme values on the boundary of the set of @ satisfying
Ci(z) = 0. This boundary is the set containing elements of R%, having at least one
zero component. To find the extreme values, we will induct on the number of nonzero
components of boundary elements. First, consider the case where & has only one
nonzero component. The nonzero component of these vectors take the form n/a;. The
possible t-norms of such vectors have values of the form (n/a;)". Among these values
and the possible extreme value we have already identified, the minimum is (n/a;)*
(achieved at nm and the maximum is (n/||all,)* (achieved at nM (t)).

Now suppose that among all boundary vectors having either at most 1 < j < k
nonzero components or no nonzero components, the minimum and maximum values of
||l are (n/ay)t and (n/|lal|,)’ respectively. Consider the vectors having exactly j + 1
nonzero components. We may partition these vectors further by which components of
the vector are zero. Suppose D is one such partition. Associate a partial sequence

ai,...,a;41 of the indices of the nonzero components of the vectors in D. Now let
a' = (Ao, 0oy, - - -5 0a,,, ). Then define a new function Cj,; : R - Rby z +— a'-x—n.

We have already shown that the only extreme value of ||-||; constrained to C; () = 0
having no nonzero components must be (n/||a’[|,)!. Since the image of D under |||,
is equal to the image of vectors in Rj;{)l with Cj11(x) = 0, they must have the same
extreme values. We have that |lal|, < ||@’||, < aj, so the t-norm of any vector in D is
not less than (n/ay)" or greater than (n/|lal|,)’. Since this is true regardless of which
partition of vectors we used, the inductive hypothesis must hold. It follows that (2.4)
holds for all factorizations of n. i

Theorem 2.15. Suppose S is a numerical semigroup generated minimally by a € Z%,,.
Ift€]0,1), then
k ift=20

pu(5) = {<ak/ua||q>t fte 1)

where q is the dual of t.

Proof. First we will prove the case when ¢ = 0. In this case the length of a factoriza-
tion is simply the number of nonzero elements in it, so the minimum and maximum
factorization possible for any nonzero element is 1 and k respectively. The element
ayas - - - ag has factorizations with both of these lengths, so the elasticity of S is k.

Now consider the case when ¢ € (0,1). We have from lemma 2.14 that p,(S) <
(ar/|lally)t. Consider the set V' of non-negative real factorizations of a,. The fac-
torization e of a; has the smallest t-norm of the elements of V. There also exists
a factorization M of a; in the interior of V' having the maximum ¢-norm. It has
previously been shown that ||M]|;/|lex||: = (ax/|all,)"
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Fix ¢ > 0. Since [|-||; is continuous at M and Q* is dense in R¥, there exists a
rational factorization z € Q¥ of a; with
[zl = 1Ml <e.

Let C' be an integer such that C'z has integer components. The vector C'z is an integer
factorization of Cay with ||Cz||; > ||[CM||; — C'e and Cey is also a factorization of
Cay. Therefore,

1€«

ICexlls

|ICM|, — Cte
ICexll:

t
(i)
=|—] —¢
lally

We now have that p;(.S) is less than or equal to (ax/||al|,)" and greater than anything
less than (a;/[|all,)". Therefore p;(S) = (ai/]|all,)" O

We now have an explicit formula for the global elasticity of an arbitrary numerical
semigroup over the interval [0, co]. Figure 1 shows a graph of elasticity as a function
of t. Note that even though the graph is defined piecewise, it is continues on its entire
domain.

Theorem 2.16. Let S = (ay,...,a;) and a = (a,...,ax). Then, po(S) < poo(5).

Proof. By Theorem 2.15, we know that py(S) = k, and by Lemma 3.2, we know that
poo(S) = 2l — @tedat  Then,

pe(S) >

al a
a+...+a 1
1—k—k:—(a1+...+ak—a1k)
aq aq
1 ai+...+a
= —((ay—a) + (a2 —ar) + ... + (ap — ay)) —————~ —
a1 3]
1
=—(ay + ...+ ar — ark)
ai
1
:a—((al—a1)~|—(az—a1)+...+(ak—a1))
1
1
=—((ag —a1) + ...+ (ap — a1)).
ai
Since a1 < ay < --- < ai, we have that a; —a; > 0 for all 2 < j < k. Hence,

(ag—ay)+...+(ag—a1) > 0and 80 pso(S)—po(S) = %((ag—al)%—. .+(ag—ay)) > 0. O

Remark 2.17. Computational evidence suggests that the graph of global elasticity
from t =0 to t = 1 is U-shaped (concave up).
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t-Elasticity of S=16, 9, 20]

4.5 4

4.0

o(S)

3.51

3.0 1

2.5 1

FIGURE 1. Global t-elasticity of the semigroup generated by (6,9, 20)
as a function of t.

Conjecture 2.18. For 0 <t <1, g—;pt(S) > 0.

Remark 2.19. Based on Theorem 2.4, Theorem 2.16, and Conjecture 2.18, it would
naturally follow that a semigroup’s oc-elasticity is the maximum of all of its other
t-elasticities.

Conjecture 2.20. Let p.(S) = {p:(S) | t € [0,00]}. Then, max(p.(S)) = pso(S).

3. 2-GENERATED ELASTICITY CURVES

We will now look deeper into two generated semigroups. There is a lot of information
that can be drawn upon about the elasticity curves of two generated semigroups, and
most of that information comes from that factorizations of a given element. Before we
dive into results we will look at a few figures that will motivate our results.

First, in Figure 2, we will look at a graph of the line n = a;z; + asxy where x =
(21, z2) is an arbitrary factorization of n. Every point on this line is a real factorization
of n and all of the points labeled with red dots are the integer factorizations of n.
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Line of Factorizations
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FIGURE 3. Relating factorizations of n € S to their t-norm
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Now we will expand on this by looking at a graph that related the factorizations
of an element n to their respective t-norms. Above in Figure 3 is a graphic showing,
for a particular element, n € S, showing the factorizations of that element in relation
to their t-norm. As t increases we see the t-norm change as the line becomes concave
up as t approaches its ¢t = oo-norm. The blue dots show the integer factorizations
of n and the lines show all of the real numbered factorizations. The green dot is
the real factorization that has the minimum ¢-length and the red dot is the integer
factorization that has the minimum ¢-length. Figure 3 shows four instances of this
figure as t increases; t; < ty < t3 < t4. However, think of this an more of an animation
than a figure where these curves will smoothly change over time.

When ¢ is in the interval [0, 1] we can create the same graph that is shown in Figure 3.
Figure 4 shows various versions of this graph for the element 30 in the semigroup (5, 7)
as t varies.

il W.

0 1 2 3 4 5 6

FIGURE 4. Factorization t-length for 30 in the semigroup (5,7) as a
function of the first component of the factorization.

Proposition 3.1. Suppose S is a numerical semigroup generated minimally by a =
(ay,as) and r is a positive real number. If x and y are unique real-valued factorizations
of r, then ||x|; = ||yl|; at most twice on (0, 00).

Proof. First note that for all ¢ in (0,00), ||| = ||y||: if and only if ||[/7|: = |ly/r||:-
Since both @ /r and y/r are real-valued factorizations of 1, we only need to prove the
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statement of Lemma 1 for the case r = 1. We may assume without loss of generality
that & and y are factorizations of 1. Suppose that & = (z1,22) and y = (y1,v2). We
may further simplify what we are looking to prove by noting that

(3.1) lzlle = llyll <= 2} + 25 = yi + 1)

We will prove some edge cases by focusing on the right side of (3.1). If  and y both
have only one nonzero component ¢, and ¢, respectively, then the right side of (3.1) is
equivalent to (cg/cy)t = 1. Since ¢, # ¢y (x and y are unique), there is no ¢ in (0, c0)
satisfying this equation. Now suppose that one of the factorizations has two nonzero
components and the other has only one. We can assume without loss of generality that
x has two nonzero components and y has only ¢, as a nonzero component. We can
get what we want by showing that (z1/cy)" + (z2/cy)' = 1 is satisfied by at most a
single positive ¢. Since & and y are factorizations of 1, we know that 1/c, < ay and
Ty < 1/ag, so xo/cy < 1. If z1/cy > 1, then (x1/cy)" + (22/cy)" > 1 for all positive t.
If z1/cy < 1, then (x1/cy)" + (x2/cy)" is strictly decreasing and can only equal 1 for a
single positive .

The only case left to prove is when both « and y have no nonzero components. For
the rest of the proof we will assume that this is the case. We may assume without loss
of generality that the first component of x is greater than the first component of y, so
that

(3.2) 1 < Y1 and Yo < To.

We know the second of these inequalities holds because x5 = (1 — a;x1)/as and yo =
(1 — ayy1)/ay. For positive t, we get from (3.1) that

(3-3) lzlle = llyll: <= In(z3 —y5) —In(y) —27) =0.

Let f be the difference of logarithms on the right side of (3.3) defined for positive t.

We can show that f(t) = 0 at most twice over its domain by proving that f’ has at
most a single zero. Before differentiating f, we will rewrite it in a form that will be
easier to work with.

zh —y5) —In(y) —27)

= In(y;((w2/10)" = 1)) = In(a (w1 /1) — 1))
= tIn(y2) + In((z2/y2)" — 1) — tIn(21) — In((y1/21)" — 1)
= tIn(ya/21) + ln((@/yz)t - 1) - 111((3/1/$1)t - 1)

For simplicity, let A = z5/y, and B = y;/x; so that
f(t) = tn(yz/a1) + In(A" = 1) —In(B' - 1).
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Note that (3.2) guarantees that both A and B are greater than 1. Now we differentiate

f to get
t t

F1(8) = In(yafz1) + ()~ n(B) P

We wish to show that f’ has at most a single zero. Before proceeding to prove
this generally, we will pick out the special case of when A = B. When this is true,
f'(t) = In(ys/z1). As long as y, # x1 we have that f’ has no zeros, so f(t) for at most
one positive t. Suppose y, = x; and remember that if A = B, then xs/ys = y1/21.
Therefore, we get x5 = y1, so y = (22, 21). Finally, using the fact that both  and y
are factorizations of 1 we get

171 + a2y = a1Y1 + G2y
11 + Ay = A1 + A2y
ZEQ(GQ — Cll) = l’l(ag — CLl)

To = T1.

But if this is true, then & = y. Since we are given that * # y, we must have that
y2 # x1. This implies f’ has no zeros when A = B, so f can only have at most one
zero in (0, 00).

We can now assume that A # B and look to show that f’ has only one zero in
(0,00). To prove this, we will show that f”(¢) is either always negative or always
positive, so that f’ is strictly monotone. Note before taking the derivative of f’ that
for any constant C' greater than 1,

d ( Ct ) _ In(C)C(C! — 1) = C'In(C)C"

dat\Ct—1 (Ct —1)?
=In(C) Ct“f;t__li); <)
_ ln(C)ﬁ.
Therefore,
0 = (B )

We want to show that f” is either always positive or always negative regardless of t.
Fix an arbitrary ¢, in (0, 00) and let
2t

9(z) = hl(z)zm

for z € (1,00). This means f”(ty) = g(B) — g(A). If we show that g is strictly
decreasing, then we will have that f” is either always negative or always positive
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(depending on which of A or B is greater) regardless of t. To do this, we will show
that ¢’ is always negative on its domain. First note that

d < 2t ) ozl (2l — 1)% — zt0(2(z% — 1)tgzio)
: -

dz \ (zto — 1)2 (zto — 1)4
Tz —1)((2f — 1) — 2z')
- (1)
—tgzlo (200 4 1)
G

Then we can use the product rule to differentiate g:

2In(z)z"  In(z)*(—tez""1 (2" + 1))

IO =ma et (fo —1)°
= 2In(z)z"! + In(2)*(—toz" ' (2" + 1))

(zto — 1)2 (Zto - 1)3
In(z)z% 2(2" — 1) — toIn(2) (2" + 1)).

=G 1p

Since everything outside the parentheses is positive, ¢’ can only be negative if every-
thing inside the parentheses is negative for all z in (1,00). Let h(z) be this quantity.
This means that we have proven what we want if we show that h(z) is always negative
on its domain. We can see that lim, ,;+ h(z) = 0, so if h is strictly decreasing, then we
have shown what we are looking for. Once again, we will take a derivative and then
attempt to show that it is negative:

to 1
R'(2) = 2tpz'o ™t — ¢t (Z i + 1 ln(z)zt‘)l)
z
t
— ;O(Zzto —((z" 4+ 1) + toIn(2)2"))
to

— (2" —1 —tyIn(z)z")

— D1~ tyIn(2) — 1),

z

The fraction outside the parentheses is positive. This means we want the quantity in
the parentheses to be negative. We can see that

lim 2*(1 —tyln(z)) — 1 =0.

z—1t
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So if this quantity is decreasing as z increases, then we have shown what is needed.
We complete this proof by taking one final derivative and showing it is negative:

dii(zto(l —toln(z)) — 1) = tez"" "' (1 — toIn(z)) — to2" "
=tz (1 —tyIn(2)) — 1)
= —tz" n(z).

Because z > 1, this is certainly negative. Working backwards, we have just shown
that g is strictly decreasing. This means that f”(ty) = g(B) — g(A) is either always
negative or always positive (depending on the values of A and B, which have already
been determined). Since tq is arbitrary, f’ is strictly monotone. From that, we get that
f has at most two zeros, so ||x||; = ||y||: for at most two positive t. O

The proof of Proposition 3.1 shows that for all cases except where both factorizations
have no nonzero components and A # B, there can only be at most one crossing in
(0,00). What we did show however, is that the function f” is strictly monotone in that
case. Data shows that whenever f’(t) = 0 for some positive ¢, f(¢) is always negative.
Proving that this is the case would be enough to show that two factorizations of an
element of a two-generated numerical semigroup can only be equal at most once over

(0, 00).

Conjecture 3.2. Suppose S is a numerical semigroup generated minimally by a; and
as with a1 < as and r is a positive real number. If x and y are unique real-valued
factorizations of v, then ||x||; = ||y||l¢ at most once on (0, 00).

Proposition 3.3. Suppose S is minimally generated by (ai,as) and N is a positive
integer. There exists ann > N in S and ty € (0,1) such that the factorization of n
with the smallest to-norm is (n/ay,0).

Proof. Let k be an integer greater than N/a; that is not divisible by as. The integer
n = a1k is greater than N and (k,0) is the only factorization of n having a zero
component. Suppose @ is a different factorization of n. Since

lim ||(k,0)[|, =1 and lim |||, = 2

t—0t+ t—0t
and there are only a finite number of factorization of n, there exist a ¢y € (0,1) such
that (k,0) has the minimum ¢y-norm of all factorizations of n. i

When ¢t = 0, the factorization length graph shown in Figure 4 is no longer continuous.
Moreover, it discontinuous only where it reaches its minimum, which is at the endpoints
of the domain. This property is what allows us to always pick out a large element of
the semigroup having an minimum-length integer factorization on the far right side of
the domain. However, when we only consider ¢ € (e,1) where € € (0,1) then we can
not always find large elements having a minimum-length integer factorization on the
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2.0 1

1.8 1

1.6

1.4 A1

1.2 A1

1.09 e °

FIGURE 5. Factorization 0-length for 30 in (5,7) as a function of the
first component of the factorization.

right side of the domain. In fact, we can for very large elements of the semigroup, the
minimum-length integer factorization is garanteed to be on the left side of the graph.

Proposition 3.4. Suppose S is generated by (aq,as) and € € (0,1). There exists an
integer N such that for alln > N in S and t € (¢,1), the factorization of n with the
smallest t-norm is the factorization having the smallest first component.

Proof. Let f be the bijection from [0, 1/a4] to the real-valued factorizations of 1 by

1—a1z
r— |, .
a2

Fix any ¢ in (0, 1) and consider the function

@l =at+ (* ‘)

as

In the interior of the domain, the first and second derivatives of this function are

(f @) =t (xtl _ Z_: (1 _ajlx)t_1>
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(1f(@))" = t(t — 1) ( + (-) (1 - )) |

Since t € (0,1), (|| f(x)]];)" is negative for all x in (0, 1/a;), so is concave down. Looking
at (|| f|s)’, we find that

(Ifll:)" =00 and lim (|| f[l:)" = —o0.

lim
z—0t z—(1/a1)~

and

Therefore, (|| f||:)’ has at least one zero. Since the derivative of this function is negative,
we also know that this is the only zero. This implies || f]|; has a maximum that is
achieved at a single point in (0, 1/a;). We may also confirm that || f(0)||: < || f(1/a1)]l:

Now focus specifically on || f|le. As x increases from 0 to the point in (0,1/a,) that
achieves the maximum, continuity of || f||. guarantees there exists an x with || f(z)|. =
||f(1/ay)]le. Call this point ¢ and consider the function

@Ol (- dde),
17 a0 “”< . )

of t on (0,1). Since ¢ < 1/a; and a; < ag, both terms being raised to the ' power are
positive and less than 1 (a; — a?c < a;). Therefore, this function is strictly decreasing.
This implies || f(¢)||: < || f(1/a1)||: when t € (¢, 1).

Suppose that = € [0,¢), y € (x,1/a;], and t € (¢,1). We wish to show that || f(x)||; <
| f(y)||s- Because ||f]|; is concave down and | f(c)||: < || f(1/a1)|l:, the function must
be increasing on [0,¢). If y € (z,c|, then || f(z)|l; < |[f(y)|:- If vy € (¢,1/a1], then
L (e < @)l so [1F @) lle < 1 @)le-

Let N be an integer satisfying Nc¢ > as and suppose n in S is greater than N. Let
x be the factorization of n with the smallest first component. For any factorization
w, the vector w + (—ay, ap) is also a factorization, provided the first component is not
negative. Since nc > as, the first component of & must be less than nc. This means
that « takes the form nf(x) for some x € [0, ¢). Suppose y is a different factorization
of n. It must take the form nf(y) for some y in [0,1/ay]. If y < z, then y must have
a smaller first component than x. Since we assume this to be false, y € (z,1/as]. Tt
follows that for all t in (e, 1), || f(2)|l: < ||f(y)|ls- Therefore, ||x|: < ||yl O

Proposition 3.5. Let t > 1, and let a,b € R satisfy a,b > 0. Then (a +b)t > a’ + b'.

Proof. Without loss of generality, assume that a > b. We fix a,t and study f(b) =
(a+0b)! —a' — b for b € [0,a]. We calculate f'(b) = t(a + b)'~t — tb'~1. If this were
zero, a +b = b, so a = 0, which is impossible. Hence f’(b) does not change sign.
Since f'(0) = ta'~! > 0, the function f(b) is strictly increasing for all b € [0, a]. Since
f(0) =a' — a* = 0, the function f(b) is strictly positive for all b € (0, al. O

Note that we can apply this repeatedly, e.g. (a +b+¢)' > (a+b)' + ¢ > a' +b' + .
Also, if a > b > 0, we have (a — b+ b)" > (a — b)" + b, so (a — b)* < a' — V.
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Proposition 3.6. Lett > 1 and let x1, w9, aq,as € Ny with as > ay; > 1 and x1+x5 # 0.
Consider the function f(u) = (v1 +agu)’ + (z9 — aru)* foru € [- 22, zf] This function
1s decreasing from the left endpoint down to a single minimum, then is increasing to the
right endpoz'nt, which is the maximum on the whole interval. Further, if x1a; + x2a0 >

P al as, then f([22]) gives the mazimum value of f(u) on all integers in that interval.

Proof. We calculate f'(u) = tag(xy + agu)'™! — tay(xy — ayju)'™!, and set to zero. We
1/(t—1)
e (i)

solution w*, which might (for now) not be in our interval for u. Next, we calculate
F(=2) = (w24 Za1)" = a3 (apx2+arr)' and f(22) = (21+212)" = a7 (121 +ax2)".
Comparing these, we see that f(27 ) > f(=2 ) Next we calculate (= z;) = —tay(re+
Z; 21)"t < 0and f/(22) = tag(wr + Bay)'” i > 0. Because f’(u) enjoyed a sign change,
in fact u* € [-2F, 22].

If we only wanted to maximize f(u), we would be done; however, we seek the largest
value of f(u) for integer u. We know that f(u) is maximal at the right endpoint =,
so if f(|22]) is larger than its value at the left endpoint!, f (—21), we have found that
largest integer u.

We begin with our assumption zya; + z2a2 > =

(1 + asu) = x5 — aju. This equation, linear in u, has some single

a2 Setting X = x1a; + x2ao for

convenience, we have <“2 ‘“) X > (a1—1)as, Wthh rearranges to X —(a;—1)ay > g—;X,

t
and hence (X — (a; — 1)ag)" > (%) Xt
If 22 € Z we are done; otherwise, choose o € (0,1) with 2 —«a € Z. By considering

a1—1
a

o modulo ay, we see that in fact o < -, and consequently —ajasae > —ag(a; — 1).

Now, we calculate f(z—f—a)—f(—i—;) = (11+2a5—0a30)" +(a10)' —a3 (agrat+ay21)" >

t
ay (X —ara20)' + (ar0) — a7’ (az) X' > a;"(X —(a1—Dag) +(a10) —a; " (Zé) x>

t
a;’ (Z—;) X'+ ()t —a;? <Z—;> X' = (a;a)t > 0.

O
Proposition 3.7. If © = (z1,y1) is a factorization of n with x; < o + , then x1 < ;.
Proof. By definition, we have ayx; + asy; —n = 0. When z; < m,
an aq aomn
0=a1x1+ay; —n < +ayr—n=n —1)+ay =— +azy1.
air + as ai + as aiy + as

We continue the chain, rearrange, and rewrite

0< asn n
asys — =a - :
= G2k a; + as 2\ a; + ao

IStrictly speaking, we just need f (L%2]) > f(I=%1), but this is harder to calculate.
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since the rightmost quantity above is non-negative it follows that y; > e, = %1, as
desired. U
Let S = (a1,a2), n € S. If x = (21, 23) is a real factorization of n then y can be
expressed in terms of x1, a(z1) = "=;2*'. Define the function f(x1,t) = 2] + 25 =
t
(1, z2)][;-

Lemma 3.8. (Baton is passed once in each interval.)
Fiz xy so that x1 + as < —2—. Let T(z1) = 1 + —2e/a) o) that m(T(z,)) =

— ai+as In(za(z1)/x1)’
(x1,22). That is, T(x1) gives the value of t such that (x1,x3) is the real factorization

of n with minimal t-norm.
The function

F(t) = f(mbt) - f(xl + a27t>7
has exactly one zero fort € [T(x1),T(x1 + az)].

Proof. First, we notice that F(T(x;)) < 0 and F(T(x1 + ag)) > 0, since m(7T'(x;)) =
(1, z2(x1)) and m(T'(z14as)) = (x1+az, x2(x14az)) have minimal T'(x;) and T'(z1+asz)
norms respectively, at the endpoints of our interval. By the IVT, F' has at least one
zero in this interval. It remains to show that F' has at most one zero in this interval.
Notice that xo(z1 + az) = n-al@ite _ noamn g o xo(x1) — a;. We use this and the

az az
definition of f, to rewrite F as

F(t) = f(z1,t) = f(z1 + ag, t) = 2f + 2 — [(21 + a2)" + (22 — a1)'].

We use algebra to decompose F' into a difference of two positive quantities, namely

F(t) = (x5 — (22— a1)") = (21 + az)" — 7).

N N

-

Fa(t) Fi(t)

It is easy to see that F} and F, are strictly positive. When F} = F5, clearly In(F}) =
In(Fy). Let Xi(t) = In(F1(t)) and Xo(t) = In(Fy(t)). We see that the zeroes of F' must
agree with the zeroes of the difference

A(t) = zo(t) — X1(1).

To prove our claim, we will show that A’(¢t) > 0 for t € [T'(x1),T(z1 + ag)]. We can
use algebra to rewrite X; and X5 in the forms

Y (8) = In(zt — (23 —a1)!) = In (xQ (1 s “l]f)> ~ tlnastn (1 B “qt) |

X2 X2

and

Xl(t):ln((xl—i-ag)t—:ctl):1n<(a§1+a2)t (1_[ il ]t)>:tln($1—|—a2)+ln<1—[ i ]t)

1+ Q2 1+ G2
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For brevity, let {(w,?) = In(1 — w'), A = #-% and B = _“- Notice that both A

and B are non-negative and strictly less than 1. We can write

Xg(t):tln$2+£<z4,t) Xl(t) :tln(x1+a2)+§(B,t).
We differentiate X, and X; with respect to ¢, obtaining

X5(t) = Inxg + % and  X(t) = In(xy + a) + %

The difference of these derivatives gives us

0E(A,t)
ot

A'(t) = X}~ X! = Inagt HBY < -2 )+<85(A’t) - ag(B’t)) .

—1 _
n($1+a2) ot T1 -+ as ot ot

T
a1+az

To —ay; < T9. As such, —22— > 1 and therefore In <L> > 0. Our problem has been

r1+a2 r1+a2

By assumption, 1 +as < , which, by Proposition 3.7, implies that 1 < x1+as <

9E(AL) 9¢(B,t)
at ot

reduced to showing that ( > is non-negative.

A and B can be rewritten

T — Q a x xr1+as—a a
_ T2 1_q1_ 4 B— 1 _n 2 2 _q_ 2
To To Ty + az T1 + as T1 + as
Now, since x9 > x1 + ao, it follows that
1 1 aq a9 aq a9 aq a9
— < — < = ——>- =1-—>1- ,
T xr1 + as i) A ) i) 1+ as i) T+ ag

or equivalently, 1 > A > B. If % > 0 ie. % is non-decreasing with respect

tow € (0,1), we are done. Recall that E(w,t) = In(1 — w'). We take the partial with
respect to t, which gives
0(w,t)  —w'lnw

ot 1—wt’

We differentiate once more, this time with respect to w after rewriting

9 (0&(w,t)\ 0 w'nw) 0 (w'lnw
ow ot - Ow l—wt)  ow\1-—uwt
We will use the quotient rule, first calculating the derivative of the numerator and

denominator seperately. Let u = w!lnw and v = 1—w’. Then u,, = w ' +tw 1 lnw =
w1 (1 +tInw) and v, = —tw'™!. We are ready to take the partial with respect to w,
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giving
0 (0(w,t) __i( >_ —uvw
ow ot  dw N
B (1 —wh) 1+tlnw)+tw2t Unw
a (1 —wt)?
wt1
wt1
( 1+tlnw wt — tw' Inw + twt lnw) m)
t—1
wt1
:(wt—tlnw—l)m

The fraction % is positive, so we need only show that the quantity W = w' —
tInw — 1 is non-negative in (0,1). W can be rewritten W = w' — In(w') — 1. Letting
Q(z) = z — In(z) — 1, we notice that W = Q(w"). We can finally verify our claim by
showing that Q(z) is non-negative for all z € (0,1). We evaluate Q(1) = 1—1In(1)—1 =
0, and differentiate to see that

Q(z)=1=1-1/z

Since z < 1, it follows that 1 < 1/z, and hence @'(z) = 1 —1/z < 0 for all z €
(0,1). Since @ has negative derivative for all z € (0,1) and is non-negative at its
right endpoint, it must take on non-negative values everywhere in this interval. This
completes the proof. O

Theorem 3.9. Fiza € N and let S = (ay,as). Fixn > 25-a5€ S. Fort € [1,00),
let q(t) = 75, and let z,,(t) and zy(t) denote the factorizations of n with minimal
(resp. mazximal) t-norm as t varies. Let oo = (a2, —ay), the unique minimal trade in

S.

There exists a partition {sg, $1,...,Sc} of [1,00) where so = 1, and for 1 < j < c—1,
s; lies in the open interval (T(zm(l) +a(j—1)), T(znm(1) —i—ja)>, pi(n) = %,
Z t

with zy fized as t varies, and z,,(t) defined piece-wise as

0 t e [1,51)
Zm(t) =2 (1) + S ja t € (84,8+1)
cau t € (Sc,00).
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Proof. By the Baton Lemma, each factorization, x = (x1, z2) of n with z; < 25 is the
minimal t-length factorization for all ¢ in an interval containing T'(x, z3) in order of
increasing x1, these factorizations can be ordered based on how many applications of
the minimal trade are applied to the factorization with minimal ¢-length. Furthermore,

we have that 2, is fixed for all ¢ by 3.6. U
Factorization t-length for 198 in [4, 7] . .
50 t-Elastisity of 198 in [4, 7]
— [46,2]
[39, 6]
40 — [32,10] 20
— [25,14)
—— [18, 18] 1.8
< 309 — 111, 22]
E — 14. 261 216
- 204 %
14
104 12
0 . . . . . . . . 1.0
0.0 0.5 1.0 15 2.0 25 3.0 3.5 0.0 0.5 1.0 1.5 2.0 25 3.0 3.5
t t
(a) t-lengths for all factorizations of (b) t-elasticity of element 198 in
element 198 in semigroup (4,7) semigroup (4, 7)
FIGURE 6

3.1. Optimistic, Pesemistic and Crepusuculum Elements.

Definition 3.10. Given a numerical semi group, S = {(ay, as, ..., ax), an element, n € S,
is called optimistic if for ¢ large enough, the t-elasticity of n, p;(n), is always increasing.

Definition 3.11. Given a numerical semi group, S = {(ay, as, ..., ax), an element, n € S,
is called pessimistic if for ¢ large enough, the t-elasticity of n, p;(n), is always decreasing.

Definition 3.12. Given S = (a;,as) where a; < ay and some n € S for 1 < ¢ has
max .Z;(n) = a1x1 + aswe and min Z(n) = ajwy + aswsy, if x9 > wy, then n is called a
crepusculum element.

Theorem 3.13. Given S = (aj,az), n € S, and t > 1. Let x = (x1,x2) be the
factorization of n with maximum length and w = (wy,ws) be the factorization of n
with the minimum length where x1 > wy > wo > xo. Then for t large enough, n is an
optimistic element of S.

Proof. we are given that S = (aj,as) where n € S and ¢t > 1. Since (x1,x2) is the
factorization of n with the maximum length and (ws, wy) is the factorization of n with
the minimum length then the elasticity of n is given by

1
b4l \*
- (222)

t t
wi + Wy
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t t
T 1T

t t
w1 +wg

For simplicity, let f(t) = so pi(n) = (f(t))t. Taking natural log of p,(n) and

then differentiating we get

1
t

In(p,(n)) = In(f(t))

) (P8,
pin) = 25 (L= i)

Notice that % > () so we can ignore that term and focus on showing that (%t - ln(f(t))> >
0. For simplicity, let r(t) = (%t — ln(f(t))). It is difficult to show that r(¢) > 0 just

from this equation. Instead, we will show that tlim r(t) = 0 and that r(t) is decreasing.
— 00

This combination of facts will show that r(¢) > 0 which is what we want.

First, let us define some functions that will help us throughout the proof. Let
g(t) = 2t + 2% and h(t) = wi 4+ wh, so then we have that

_9@)
f(t) = 0]
1y g (Oh(E) — W (t)g' ()
HO="""
(1) = g"(O)(h(t))* — g(O)R"()h(t) — 29’ (&)W () (t) + 29(¢) (W' (1))
(h())?
Additionally,

g(t) = 2 + h(t) = wh + w]

g (t) = zhinz, + xhlnz, R (t) = whlnws + wilnw,
g"(t) = 2 (Inx1)? + b (Inxs)? R (t) = wh(Inwsy)? + wi (Inw, )?

Now we are ready to show that limr(¢) = 0 Expanding r(t) we get

t—o00

e,
= gt~ 0)

_ gOh) = I')g(t) A1),
(n(t))? 9()

LW, Ko,

r(t)
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Recall that x; > w; > we > z5. will will now substitute in for g(t), ¢'(t), h(t), h'(t) and
takes the limit of r(t) as t — co. So we have

limr(£) = lim (xtllnxl +x§1nx2>t_ lim (wglnw2+wilnw1) T, at + ab

t—00 t—00 a:'i + xé t—00 wé + uﬂi

t—00 1+ (Il) t—oo  t—oo (ﬂ)t +1 t—300 t—00
lim ()" + lim (52)°
= (In xl) hmt — (In wl) limt — In [ 22 i
e tlim ((%)t + 1)
—00 1

¢
= lim (tlnx;) — hm (t Inw;) — lim In (ml)

t—00 t—00

t t
= lim <1n (ﬂ) —1In (ﬂ) > =0
t—o0 wl wl

Since we know that r(¢) is tending towards zero, we will now show that r/(¢) < 0 in
order to show that r(t) is increasing. Taking the derivative of r(t) we get

Since (h(t))* > 0 we only need to show that the numerator of 7/(¢) is less than zero,
since a negative number divided by a positive number is still negative. Denote the
numerator as num(r’(t)). we want to expand num(r’(¢)) and take its limit as ¢ — oo,
since we are looking at large t.

First, we will expand num(r’'(¢)). we will do this by first expanding each of the four
terms in it, and then adding those together where we will see many simplifications. Our
term order will be correspond to the fact that x1 > w; > wy > x9. The coefficients
of the variables will not affect the term order. Here are the expansions of the four
different terms:

Inx, + tInz W23yt n wy 4+ lnw
= lim ( G ) 2) limt — lim <(w1) 2 1) limt — In (hm(—
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(g()* (R (1))* = (27" + 2(z122)" + 23") (w3'(Inws)? + 2whw] Inwy Inw; + wi*(Inw;)?)
= (z1w1)*(Inw;)? + 225 (wow: ) Inwy Inwy + (1w2)* (Inwy)? + 2(2172) w3 (In wy)?

4 2(2129) w2 (In w1 )? 4 4(2120wow: ) Inwy Inwy + (w2w;)* (Inwy)?

+ 223 Inwy Inwy + (z9ws2)* (Inws)?

—(g(®))*h"(O)h(t) = — (27" + 2(z122)" + 23") (wh(Inws)® + wi(Inwy)?) (w] + wh)
= —(zyw)*(Inw)? — 23 (wywy) (Inwy)? — 27 (w1ws) ' (Inwe)* — (z1w2)* (Inws)?
— 2(x1x2)twft(ln w1)2 — 2(:1:'1:(;2)tw§t(ln w2)2 — 2(x1z2wowy ) (In w2)2 — 2(z1z2wown)

— (m2w1)2t(ln w1)2 — Jf%t(wle)t(lH w2)2 — x%t(wle)t(ln w1)2 — (wag)%(ln w2)2

9" () (h(£)*g(t) = (i (Inar)? + ah(Inws)”) (wh + wi)” (o] +ab)
= (zyw1)* (In21)? 4+ 222 (wywy) (In 1) + (z1w2)* (In21)? + (2120) Wi (In )
+ (z122) Wi (In22)* + (z122) w3 (In21)* + (z122) w5 (In 25)?
+ 2(x12owowr ) (In21)? + 2(z120wow; ) (In22)? + (22w;)* (In 25)?

+ 223" (wiws) (In 29)? + (22w2)* (In 25)?

—(g' ) (h(1))* = — (27" (Inz1)* + 2(z122)" In 21 In s + 23" (In29)?) (w3" + 2(wowr )" + wit)

= —(xlwl)%(ln x1)2 — Qx%t(wgwl)t(ln x1)2 — (xlwg)%(ln x1)2 — 2($1$2>tw%t Inz; Inzs

— 2(zy0) Wi Inzy In 2y — 4(z120w0w: ) In 1 In 29 — (29w1)* (I 22)

— 2z3 (wawy)' (In22)? — (22ws)* (In 25)?

Now, summing all of those terms together, and keeping with the above term order
convention, we get

num(r(t)) = Qﬁt(wgwl)t Inw; Inwy — x%t(wlwg)t(ln w1)2 — x%t(wlwg)t(ln wg)2 + ...

— 2x%t(w1w2)t Inw; Inwy — mgt(wlwg)t(ln w1)2 — x%t(wlwg)t(ln wg)2

The limit and sign of num(r’(¢)) will be determined by its leading terms. Define
those leading terms as L(num(t)) = 223 (wow;)! Inwi Inwy — 2 (wiws) (Inw;)? —
2 (wywy) (Inwy)?. We can re-write this as

L(num(t)) = 222 (wew: )" In wy Inwy — 23 (wiwy) (Inwy)? — 23 (wiws)" (In wy)?
= 27" (wow1)" (2Inw; Inws — (Inw;)? — (Inw,)?)

= —23"(wowy) (Inw; — Inwy)?
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Notice that 23 (wow1 )*(Inw; — Inwy)? > 0, but —1 < 0. Since L(num(t)) is going to
determine the sign of the limit we can conclude that tlim num(r’(t)) < 0. This implies
—00
that tlim (r'(t)) < 0. Since tlim (r(t)) = 0 and r(t) is decreasing, then we know that
—00 —00

r(t) is positive. Therefore, we know that p}(n) > 0 so n is optimistic.
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FIGURE 7. Apery Table of S = (15,17) where green=pessimistic and
red=crepusculum

Theorem 3.14. In S = (ay,as) where ay < ay 3 some element for n < a3 + (a; —
2)(ay + ag) where n is pessimistic.

Proof. Consider the Apery set of S with respect to a;. Then the smallest non-zero
element of Ap(S) = as.

Consider an element n € S such that, n = as + (a1)(az2). Then the factorizations of
n are (0,a; + 1) or (ag, 1) since the only trade for a 2-generated semigroup is (az,0)

~<O, CLl).
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Then the max .%;(c) = (a4 + 1*)*/! and the min % (c)) = ((ay +1)* +0)/* for 1 < t.
1 1
(ab+1%)7 (a4 1)T . . . . .
Then py(n) = Caanaont = e To see if the elasticity decreases, meaning n is
a pessimistic element, we must show that for € > 0, p;.(n) < pi(n), or %X;) < 1L
Then,

1
(agter1) e

ar _ la tre 4 ) ag + 1 _(a Lre 1)
(@htot ar+1 (a4 1) (ah + 1)+
a1+1

We must show that (ajt® + 1)7 < (af + 1)

By Holders inequality (see [9]), we know that for some 1 < s < ¢ where y € R",
llyll: < |lylls- Therefore, since 1 <t < t+e, (a t+6+1)t+e) < (a§+1)%. So as t increases,
pi(n) decreases or is asymptotic.

Theorem 3.15. There exists as — a; pessimistic elements in Ap,,(S) column for ay —
ay < ay If as —ay; + 1 < aq, then there exists crepusculum elements in this numerical
Semigroup.

Proof. By the theorem above we know that n € S where n = as + as(ay) is pessimistic.
Consider this for the next element n + ag, or 2as + as(ay). Since this only includes one
more copy of ay, we can use the same method we used to show n is pessimistic. We
can continue this pattern until we get to the element (as — a3 + 1)as + (ag)a; which
we will call r. Then r can be factored into (ag,as — ay + 1) and (0,as + 1). Then

max Z(r) = ((ay + 1)' + (0)))¢ and the min Z(r) = ((az)" + (as — ay + 1)) for t
(az1)'+04) ¥

(ab+(az—a1+1))

(ag+(aj2_:11+1)t)% We must show that pic(r) > p(r), or (’8) < 1. Consider

large enough, meaning this is a crepusculum element. Then p,((r) = - =
t

az+1
(ab+(az—ar+1)NT as + 1 (ab™ + (ay — ay + 1)t+5)t+%
e ) )

CL2—|—1

T (ab + (ag —a; + 1)t)

(ag+€+(a2—a1+1)t+e) 3

(abt e+ (ag — ay + 1)t+6)“1“ < (a57 + (az — a1 + 1)t+6)“1“6
(ah + (a2 —ar + 1)1)? (abt + (a2 — ay + 1))+

1

= (ab* + (ay — ay + 1)) 7t = (a5* + (a3 — ay + 1)+) 79 < 1. Therefore,
pi(1) is not decreasing, so 3 only as — a; pessimistic elements in the column created by
Ap(S) + as. O

There are a lot of questions that about 2-generated elasticity curves that we have
yet to answer, but have some thoughts about. here are some conjectures regarding
2-generated elasticity curves. O
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Conjecture 3.16. Given a numerical semigroup, S = (ai,as,...,a,). Then there is
some n € S such that for all n; > n each n; is optimistic.

Conjecture 3.17. In S = (a1, a2) where a; < ag, if as — ay < ay, then 3 ay — ay at
most pessimistic elements from the element as + as(ay) to (a1 — 1)ag + (a2 + a1 — 1)ay
in a triangular form organized in the Apery Set.

Conjecture 3.18. If as —a; > aq, then there exists a; — 1 pessimistic elements in the
column Ap(S) + (az)a; ,and no crepusculum elements.

4. ErAsTICITY CURVES

One very interesting question that I did not ask in the initial problem list? was whether
the elasticity curve of a numerical semigroup (i.e. p;(.S) for all ¢) uniquely determines
the semigroup. However we can solve it now, using a theorem we found® and a theorem
we proved.

Theorem 4.1. Let T be an infinite subset of R=! containing a limit point. Let k € N.
Let a,b € R¥. Assume that a; < ay < -+ < a; and by < by < -+ < b. Now, if
llall: = ||b||+ for allt € T, then a =b.

Theorem 4.2. Let k € N. Let a € N’g. Assume that a1 < ay < --- < ag, and

lla

that A = (a) is a numerical semigroup. Let t € [1,00). Then py(A) = a1|q, where
qg=1t/(t-1).

Theorem 4.3. Let T be an infinite subset of R=! containing a limit point. Let k € N.
Let a,b € N'{j. Assume that a1 < as < --- < ag and by < by < --+ < by, and that
A = (a), B = (b) form numerical semigroups. Now, if p,(A) = py(B) for allt € T,
then A = B.

Proof. By Theorem 4.2, for all ¢t € T we have p(A) = p(B) = lally %. Now, set

a b

Q= {t/(t—1):t e T} Q isitself a subset of R=!, and must have a limit point
since T does (if t,t" are close, then t/(t — 1), ¢'/(t' — 1) are close). Consider now the

vectors @ = - = (1, FRRRRE Z—’f),g = % Because the ¢g-norm is homogeneous, we have
|all, = iHqu = %Hqu = ||b||,, for all ¢ € Q. By Theorem 4.1, we must have @ = b.
Hence, a = $+b. Consider =14, in simplified form. Since a,b € Z*, we must have
v| ged(b), so v = 1 since B is a numerical semigroup. But now u|ged(a), so u = 1 since
A is a numerical semigroup. Hence a; = by, and thus a = b. Il

NOTE: For ¢ € (0,1), all bets are off! We do not have a version of Theorem 1, we do
not yet have a version of Theorem 2, and the homogeneity of the ¢g-norm for negative
q has not been established.

2 thought it might be too hard.
3Not fully proved in the form given here, but I for one believe it’s true.
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5. ACCEPTED ELASTICITY
Lemma 5.1. Let n = aym € S = (ay, az) with factorization (z1, z3). Then, ay | 2.

Proof. We have that n = aym = ajz; + asze. Then, aym = ay(z + %) Since
ged(ag, az) = 1,aq 1 ag. Thus, ay | 2. O

5 10 15 20 25 30 35

FIGURE 8. Elements n = 4m in the semigroup (4,7) and their integer
factorization points (z,y) for which z <y

Theorem 5.2. Let S = (ay,a2) and 7(S) = {t € (1,00) | In € S satisfying ps(n) =
pi(S)}. For each fized k € Z~q, define

Then,
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Proof. For 1 < t < oo, p(S) = ””AZ””; where M is the real maximum factorization
and p is the real minimum factorization of an element in the semigroup. In order for
pr(n) = p(S), the real factorization of n with maximal length, M = (;*,0) must be
an integer point. It follows that p;(n) = p,(S) implies that n = a;m for some positive

integer m.

Let p(t) = (x,y). When t = 1, we know that z = 0 and when ¢ = co, we know that
x =y by Proposition 2.9. So, in order for a factorization to have minimal ¢-length for
the values of t € (1,00) we must have that 0 < z < y. If y € Z, then, by Lemma 5.1,
we know that a; | y. So, we can write y = a1k for k € Z-,. Now, we have that all
possible integer factorizations of a;m with minimal ¢-length can be written in the form
(j,a1k), where 1 < j < a;k—1. By Proposition 2.11 and Corollary 2.12, we know that
1(J; ark)e = [|lplls only when

e
t:T((]7a1k)) - ln(#) o ln(a—).

Thus, any ¢ for which p;(.5) is accepted must be of the aforementioned form. In other
words, [Jr—, 7:(S) C 7(S).
Now, we must also ensure that 7(S) N~ Upe; 7(S) = 0. Let 1 < ¢ < oo such that

q ¢ 1(S), so q 7£ alk . Assume, by way of contradiction, that ¢ € 7(5), so p,(n) =

pqe(S) = Hlul By the above reasoning, we must have that n = a;m for m € Z-o and

that all (z,y) = pu where z,y € Z- are of the form (j,a1k) for j,k € Z~y. Then,

, , In(%2%) ,
(4, a1k)|ly = llpelly = q = T((j,a1k)). However, since q # alk) = T((4,a1k)),

(4, a1k)|lq # ||pellg- And thus, p,(n) # pe(S). Hence, we cannot have an element of
7(S) that is not contained in any 75(S). Therefore,

g

Proposition 5.3. Let t € 7(S). Then, {n | pe(n) = p(S)} = {n € Z | Ik >
1 for which n = ak(( 2)t T+ ag)}.

alk (1216 CLll{Z t agk' t1i—1 1 j =1 Cltl j
tIn In N ~ (1) % _
( J ) ( j ) ( j ) j " k a kK
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Since t € 7(5), we know that p,(n) = p:(S) only when (7, alk) is a factorization of n.
So, we can write n = ayj + as(ark) = ark (£ + as) = ayk((% )t T+ ay).
U

k
In(*2%)

k .
()

Proposition 5.4. Fiz t = Let P = (‘”k”) where ¢ = ged(k,j). Then,

pi(n) = p(S) <= P|n.

Proof. First, we will prove that P | n = p;(n) = pi(S). If P | n, then n = aP for
some « € Zwg. Then, n = %ﬂal + “‘f;k@. So, we can write the factorizations (z,vy)

of n for which x < y in the form (a%,a%). We know that pg(n) = pa(S) when

az(a 1’“)) .
d=T((al auk)) = —nep "G _y
o @ q /) ok = In(4ky
In( ;1 )

Next, we must show that pi(n) = p(S) = P | n. By Proposition 2.11, we can
use nm(t) to return the factorization of n whose t-length is equal to the real minimal
t-length. Note, by reasoning from Theorem 5.2, that among these factorizations is

In agk
(j,a1k), and consequently n = a1j + asa;k. So, we must evaluate nm <1 E“lk;) Let

In(22
u=t—1= (a‘”). We know that nm(1 + u) = ( e s ) Let

a1k T/u> /u
In( J ) a1+a2(gi> al(g_;) +az
us call the coordinates m; and msy. First, we can evaluate nm; at u, and take its
reciprocal.

1 1 In (alk) ) (az)ln(aﬁ—.k)
iy M) (4t
= e+ @)@ | == (e +ae " | = Z(ag + ae™ )
nm, w n 1 n n
1 ark 1 a1 + asark 1
n(al + as(— i ) = ﬁ(f> =5
Now, we will evaluate the reciprocal of nmsy at u.
In( 2k In( 1)
1 1 . 1 In(3l) —
nm - n al(% ) +as | == [ae ™ a) + ag
2 [y 2
Since In(g) = —1In(52),
1 1 _1H(M) 1 In(—4.) ] 1 alk + CLQ(Ilk’ 1
— — —|— — — ark — — _— = ) = —.
v n(ale 7 +tas) (a1 = +as) ( 1(a1k)+a2) ( ak ) "y

Therefore nm(t) = (j,a1k) Then, we can write n = a1j + asark = a1(j + azk). Let
E = T2k — . Then, j + ask = rq, so r | 7+ ask = aﬂl So, we have that a—Pl | &
Therefore Pn. d
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Proposition 5.5. Let us define K = Z N (m,ﬁ) and T7(n) = {t | pt(n) =

agk

In(m225 )
pt(S)}. Then, givenn € S, 7(n) = {W | ke K}

Proof. Since we have n such that p;(n) = pi(S), (j,a1k) must be a factorization of

n where j < a;k. If a1k > %, then n > a5 + ag(a%z) = ayj + n, which is untrue.

Thus, we must have that a1k < :—2, and so k < al"—ag If ok < 2 then j =

ai1+az’
n— “2“1’“ > T%ate; _ antan-an _ _n This implies that 7 > —/—— > a1k
— al a1(a1+a2) a1+as” aitaz — 1%
Wthh is also untrue since j < aik. Thus, we must have that a1k > _——, and so
k > m Therefore, we can only examine factorizations with k-values within the

set K =7ZN (m, Tl ). To find the t-values at which these factorizations accept
In agk
the minimal real ¢-length, we can use the function T'((j,a1k)) = % Since n =
J In( 2,7
a1j + asark = j = =245 we can write T'((j, a1k)) = T((3- — ask,ark)) = 1(“(17)
n a——an
lIl( LGEZQk) 1
Therefore, 7(n) = 1(“27) | ke K ;. O
n %*CLQ’C

Proposition 5.6. |7(n)| = |K]|.

Proof. Fix t,ty € 7(n). Then, t; = T((% — agky, arky)) for some k; € K. Similarly,
ty = T((% — szg,a1k2>> for some ko € K. Let t; = to. SO, T((% — agkl,alkl)) =

1n(2—2)
T((aﬂl — agkg,ale)). By Corollary 212, T((% — agk:l,alkrl)) =1 + W =1 -+
ay —2k1
In(%2
% = T((2 — asky, arky)). Tt follows that this implies
M= agko
arky arky n n
= alk’l(——agkﬁg) = 0,1]{32(——(12]{?1) = nkl—alagk‘lkg = nkg—ala,gk’lkg
Lo a2k1 L — aoky ay ay

al al

:>TL/€1 :nk2:>k:1 :/{?2.

Since t; = ty = k1 = kg, we know that each distinct ¢ € 7(n) corresponds to a unique
k € K. Hence, |T(n)| = |K]|. d
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FIGURE 9. Accepted t-elasticities for elements, n, of S where n=4x

5.1. Accumulation of 7. Notice that when plotting elements of 7(S) or, accepted
t-elasticities, there is a large grouping around ¢ = 1. We conjectured that 1 would be
the only accumulation point of 7(S), but with further research we saw that was not
the case. First we found that the limits of 7(S5) as kliminf for different j values did
not always approach 1.

Lemma 5.7. For t(k,j) being an element of 7(S), where j =1, then limy_,o t(k,1) =
1.

agk
Proof. Consider t(k,1) = inﬁﬁ; Then
T
In(92k) Inas + Ink In as Ink

l. t k 1 — 1. 1 — . e . s . o
e (k. 1) Pl In(4E) b0 Ina; +1Ink k00 Ina; +1Ink koo In a; +Ink

=0+ 1l Lo b 1

- kl—glolﬁlakl—i—l_o—l—l_

g

Lemma 5.8. Fort(k,j) being an element of 7(S), where j = ajk—1, then limy_, t(k, a1k—
1) = 0.

agk
(alk—l)

k
ln(afli—l)

Proof. Consider, t(k,a1k — 1) = . Then,
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lim 106k~ 1) = § In(;%55) o oe +lnk —lne — In(k — X)
im (k,ark —1) = Koo ln(af]iﬁl) ~ kheo In ar +Ink —Ina; —In(k — )
In as . In k _ —Inay ) —In(k — i)

= lim + lim + lim + lim

k—oo Ink — In(k — a—ll) k—oo Ink — In(k — i) k—oo Ink — In(k — %) k—oo Ink — In(k — %)

In 22 Ink —In(k — 1) In 42
al ar’ __ 1z al

— i lim ~ 1
e Tk — (k= 2) ok —In(h— ) ko Ik —In(k— 1)

+1

Since limy,_,o In k — ln(k -1 ) = limy oo Ink —In(k(1 — a%k)) = limy_yoo Ink —Ink —

In(1 — alik) = limg o —In(1 — Lk) approaches 0 , and In %2 is a positive constant,
az

I @ | =
ek —(k— L)

g

This led us to believe that every element in R>; would be an accumulation point of

7(S).

Theorem 5.9. Every a € R>y is an accumulation point of 7(S).

o

In(24°)
(1)
we want to find values of ¢ that get infinitely close to any a.

Consider the dual of o as a function, where ¢(a) = %5 = lnln“f;) Then,

Proof. Consider the elements of 7(S); each ¢t = For simplicity, call ¥ =y and

Inay

In ay a(0)(132)

q(a)( ) =In(asr) — asr =e

In ay

eq(a)(ﬁﬁ)

So, r = meaning r is either rational, or irrational. Either way, r € RT.
We know that every real number is an accumulation point of the rationals, so r is an
accumulation point of Q. Then, 3 S, a sequence of real numbers that converge to 7.

q(tg)—1
Pick s; € Si where s = 2 ' , where t € 7(5). Then

| — skl = la(r) —a(si)| <€

which we know to be true since ¢(r) is a continuous function. From this we can derive
that:

In(apr)  In(assk) . In(asr) — In(agsy) N e(In
e e < P < e ) < n()

ai
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Next we want to see if |¢(r) — q(sx)| = |¢(¢(a)) — q(q(tx))| < . Notice that ¢(t) is its

own inverse, so for |a — t;| < 0, pick § > |m||eln(3—f)|
This means that there is a sequence of t;-values that approaches o by using the
sequences of rationals, S; that approach r. This means that we can find values of t
that approach « for every o € R>;. Therefore, every a € R>; is an accumulation point
of 7(S).
O

5.2. 7 as a Unique Semigroup.

Proposition 5.10 (MORE STRONGERER). Fiz S generated by a € N2, and let
denote the greatest common divisor of all positive exponents appearing in the prime
factorization of ajay. Then

T(S)QQ:1+({O}U{%:(c—d) |7})

Proof. We will prove this claim by verifying containment in both directions. Suppose
t=5¢e7(5)NQ. If p(S) = pi(n), for some n, then n must have a factorization
achieving the minimum real ¢-length. This can occur if and only if m(¢) falls on a
rational point or, equivalently, the reciprocal of each of its entries is rational. When m
has all rational entries, m(t) lifts to an integer point upon scaling by the least common
denominator of its entries, and can be scaled further by a; to ensure that it has a

factorization that achieves the maximal length, so this is sufficient. Consider

1 a4 (a2>1/(t—1) N 1 1 <a2>1/(t—1)
ml(t)_al “ “ a2 ml(t) “)= “ .

=) 1
As such, 1/m;(t) and (3—3) ! lie in the same coset of Q, so 1/m; € Q <= <a_2) =

ai
c—d
d

2 for some co-prime integers u and v. Rewrite t — 1 = which we substitute to

. . c—d . .
obtain a new expression, x : (‘2) = % By assumption, ged(ay, ag) = 1 which means
a1 v

102 = H Pzai H qZﬁi

pila1 ai| a2
p; prime q; prime

we can write

where each exponent «; and f3; is positive and ged({a;, 5;}) = 1. We substitute these
products into * to see that

— a; d/(c—d) dyai/(c—d
(%)d/(c d) _ Hpi|a1 p;y _ Hpilal pi'Y /( )
o Mwd®) Ty

gl a2 q;
Each prime factor in the numerator and denominator of the ratio above must have a
positive integer exponent in order for our desired quantity to be rational, which requires
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that any cancellation be independent of «; and S;. If (¢ — d) | 7, then t € 7(5) N Q,
which verifies the containment

L+ ({0yu{t (e —d) |7}) € 7(S)NQ.

We prove the reverse containment by way of contradiction. Suppose t = 1+ %l with
ged(d, ¢ — d) = 1, so that its rational part is written in lowest terms. If (¢ — d) { v and
dv/(c—d) € Z*, it must be true that (¢ —d) | dy. Let g = ged(y,c—d), b = C%d, and
write v = g7/ and ¢ — d = gb' with &’ > 1 and ged(V',') = 1. By assumption, we must
have gb’ | gdv', which implies ¥/ | d. It follows that ged(d,c — d) > & > 1, which is a
contradiction.

A symmetric result holds for the reciprocal 1/ms(t), since it lies in the same Q-coset
as ot 1/ (=1 which also lies in the same Q-coset as its reciprocal. Il

Remark 5.11. Resuming notation from the preceding proposition, let D() denote
the set of positive integer divisors of v. We may notice that the preceding result induces
a natural decomposition of 7(S) NQ, into (not-necessarily disjoint) subsets indexed by

positive integer denominators d > 1. For brevity, write » = ¢ — d and for each such d,
define 7g(d) = 1+ {5 : r € D(7)}. We can say that

(rSH\ {1 nQ=J7s(@

Theorem 5.12 (THE STRONGEREST?!).
T NQ=1+ ({0} u{t:neZ"}).

Proof. Since each rational ¢ € 7(5) lies in some 7g(d) (or is equal to 1), it can be
written ¢t = 1 + % where 7 | 7. Let 7z = 7. Then we can write

vz

f—1
Y T

To see that every n value appears as a denominator in 7(S5) N Q, fix an arbitrary
positive integer n. If ged(v,n) = 1, we simply take 1 + v/n € 75(n). Otherwise, write
g = gcd(y,n) > 1. Write n = gn’ and v = gy". We can find 1 + 1 =1+ 5 in 74(n/)
since 7/ is, by definition, a positive divisor of ~. O

Theorem 5.13. The set

T

a(r) = — = {5t €7} = (Rl hd € Lo k) > 1)

is an additive semigroup. Moreover, (q(7),+) = (Q. az, -).
>
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Proof. We will first show that every ¢ € ¢(7) has the claimed form. We have seen that
every t € T can be written

_ loglask/5) _ log(az/a1)
log(aik/j) log(aik/j)
Any t € 7 corresponds uniquely to its Holder conjugate in ¢(7), which we can write

o(t) t _ log(ask/j) log(aik/j) _ log(azk/j)

~t—=1 log(ak/j) log(az/ar)  log(az/a1)’
as claimed. Associativity is clear since =5 C R, where addition is associative. To
show closure under addition, take two arbitrary elements, writing 71,79 > 1/ay for
their rational parts. Using algebra, we see that
_ log(agry) log(agry)  log(az(agrirs))
t1 +to = + = .
log(az/a1) = log(az/a1) log(as/ay)

We need only verify that agrire > 1/a;. Since as > a; and 1 > 1/ay, we have that
agry > 1. It follows that asriry > 19 > 1/a4, as desired.

By considering the sequence of maps

= t—1

o (q(r), +) —2— ({log(asr) : > 1/ar}, +) —2— (Quaz,-).
-log(az/a1) exp(log(aar)) =aq
the semigroup isomorphism is easily verified. O

Corollary 5.14. ¢(7) is atomic, and its set of atoms is precisely

Attr) =7 (@l 2) = {p22 e g |

az

Proof. For ease of notation, let r denote 2. We will prove that A(Qx,,-) = [r, r?).
Any rational s € [r,r?) is clearly an atom, since s > r > 1, it cannot factor into a
product of smaller atoms in the semigroup. To see that every s outside this interval
is not an atom, take s > r%. Then s = r - s/r, with s/r > r, which completes the

proof. Il
Proposition 5.15. Fiz ¢ = lsga‘:;;i) € q(7) for somer € Q_1 . Then
>
(1= log(aqr) ‘
log(as/ay)

Further, g —1 € q(1) <= r>%
1

— a

Proof. Using algebra,

g—1= log(aar) B log(az/ay) _ log(a;r)
log(az/a1)  log(az/ai)  log(az/ay)’
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as claimed. If ¢—1 € 7, by definition, we must have a;r > o2, hencer > 23. Conversely,
1

r > as/a?, then a;r > as/a;, which means that ¢ — 1 € Q(7), as desired. O

Remark 5.16. The bijection g : 7 — ¢(7) induces a commutative semigroup structure
(7, @) under the binary operation @, given by

s®t=q"(q(s) +q(t)).
We derive the formula for this operation as follows.

o= ) - (4 5)

(e )

:(s(t—l)—{—t(s—l)).( (s=1)(t—1) )
(s —1)(t—1) st—1)4+t(s—1)—(s=1(t—1)

The denominator of the rightmost fraction above simplifies
st—1)+ts—1)—(t—1)(s=1)=s(t—1)+t(s—1)—t(s—1)+(s—1) =st — 1.

Which we substitute, cross-cancelling (s — 1)(¢ — 1) to obtain
s@ i <s(t—1)—|—t(s— 1)) _ 25t — (s—l—t).

st —1 st—1

Notice that
202 — 2t 2(t—1) 2t

2-1 -1 t+1
Remark 5.17. We will use the notation k£ ® ¢t to denote the result of t & t... B t,

where the semigroup operation @ is applied k — 1 times,and k is the number of ¢’s in
the expression.

Proposition 5.18. For all k > 2,

tPt =

kt
(k—1t+1

Proof. We proceed by induction on k. We first verify the base case. Using algebra, we
see that

E®t=

22 — 2t 2(t —1) 2t
2—1  2-1 t+1
which completes the base case. Now, we assume k ® t agrees with the claimed expres-
sion, and we wish to show that (k+1)®t = (z:ﬂt.
First, we rewrite

20t=1tdt =

(k+1)®t:t®(k®t):t@( ket ): Ny (t)

(k—1Dt+1 Dy (t)’
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where numerator and denominator are given by the rational functions

o 2t(kt) kt _ k)
Nk(t) = m - (t + m) and Dk(t) =

We will use algebra to simplify Ny and Dy seperately. For N, we have
_2kt? — (kt4t[(k— 1)t +1])

Ne(t) (k—1)t+1
C2kt? — (k= 1)t — (k+ 1)t
B (k—1)t+1
k= (k-1 — (k+ 1)t
(k—1t+1
(k+ D2 = (k+ 1)t
(k—1t+1
(kD) —1)
(k- Dt+1
Similarly,
t(kt) kt? — (k—1)t—1
Dk(t):(k;—l)tJrl_ T (k—Dt+1
kPt —kt—1
(k= 1Dt+1
o t(kt+1) —1(kt +1)
B (k—1)t+1
(=) (kt+1)
(k—1t+1

After combining these two, we see that

Ni(t) (k+Dtt—1) (k—1Dt+1 (k+1)t

Dit)  (k—Dt+1 (t—Dkt+1) (kt+1)

as claimed.

Proposition 5.19. Fiz a non-integer rational v > 1. If ¢ : Q>, — R satisfies

i) p(zy) = (x)e(y),

i) x <y= o)<y,
iii) p(r) = s € Qs1,
then p(x) = x'%8rs.

(k—1t+1
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Proof. For any x € Rs, \ Q>,, there exists a monotone increasing sequence of rational
numbers {yx} — z. We can uniquely extend the domain of ¢ to Rs, by defining the

sequence of functions
90(‘%‘) YIS @Zr
pr(z) = .
e(ye) {m} = 2 € Ry \ Qs

Define ¢(x) = limg_,o0 i (z). By ii), the sequences {¢(yx)} are monotone increasing
and bounded by ¢(s) for any rational s > x, which ensures that ¢(z) and that {¢x(z)}
is uniformly continuous and that {¢y(x)} converges uniformly to ¢(x) for irrational .
Continuity then follows immediately. Further, for all xy, 2o € Rs,, let {yx} — 21 and
{2k} — 2. We can write

plrrws) = lim (yeze) = Hm o(ye)p(ze) = @(1)P(x2),

so ¢ also satisfies 1) and ii) and iii). We will now write ¢ to mean the unique con-
tinuous extension of our original map that satisfies these three properties.

For x > 1, define ¢ (z) = log (¢(r*)). Since ¢ is continuous, so too is 1. Then for
z,y > 1,

Y@ +y) =log (p(r™™)) =log (¢(r")e(r’)) = log(p(r")) +log(e(r”)) = ¥(x) + ¥(y).

Which means that ¢ satisfies Cauchy’s functional equation %. As such, we have that
Y(x) = cx for some real value x. Using algebra, it follows that e® = ¢(r¥). When
y = 1, we have ¢ = ¢(r) = s, which implies that ¢ = log s, and hence p(r¥) = 1085,
Given x in the domain, we can write x = r'° % where the exponent is larger than 1,
which means that oo lox s

QO(iL') = Sp(rlogr 96) — e logr — xlogTs7
as desired. -
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