Characteristics of glued numerical semigroups and the
Kunz cone

Isidora Bailly-Hall, Ethan Bogle
August 5, 2022

Abstract

Recent research has focused on the relationship between numerical semigroups and
the group cone. Gluing is a process of building new numerical semigroups from old
numerical semigroups. This write up seeks to examine where in the group cone we
find glued numerical semigroups. We show a membership criterion for the Apéry sets
of glued semigroups as well as a description of their poset relations. We then connect
these results to the group cone using an injective map. We end by considering future
directions to extend our work.
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1 Introduction

A numerical semigroup is a subset N C Z>( which is closed under addition and has finite
complement. We can specify numerical semigroups using a list of generators {g1, g2, ..., gx}
such that for a numerical semigroup S we have

S={z|z=a191+ -+ argr,a; € Z>o}.

We then write S = (g1,...,gx). For each element p in a numerical semigroup S there
exists a subset of S called the Apéry set of S with respect to u. We write

Ap(S;p)={ne€S:n—pn¢S}

Apéry sets give rise to a poset (Ap(S;u), =) where for ¢,d € Ap(S;p) we say that ¢ < d
if and only if d — ¢ € S (or equivalently d — ¢ € Ap(S; ) by Lemma 3.1.4). Posets can be
described visually using a directed graph with edges representing covering relations.

One process of constructing new numerical semigroups from others is a process called
gluing which works by “scaling” two semigroups and combining them. The goal of this
paper is to provide a description of the Apéry posets of glued semigroups. We can then
connect this description to a geometric object called the group cone.

The group cone is a pointed rational cone described in [3]. Apéry sets of numerical
semigroups can be associated to integer points on the group cone. A previous paper [1]
characterized where monoscopic (and Arithmetical) numerical semigroups lie on the group
cone. Following from that, we seek to characterize where glued semigroups lie in the group
cone, and explore what other semigroups lie in faces with glued semigroups.

We begin this write up by introducing necessary background on numerical semigroups,
Apéry sets, posets, and gluings. This provides us with the background necessary to then
introduce a membership criterion for glued semigroups. From there we will explore two
special cases of the Apéry posets for general gluings: when we take the Apéry poset with
respect to a generator, and when we restrict one of the glued semigroups to be all of the non-
negative integers (monoscopic gluings). In both of these cases we provide a characterization
of their Apéry poset relations as well as their covering relations. Following this description
of Apéry posets, we move on to providing a more thorough background on the group cone,
which is a larger family of cones to which the Kunz cone belongs. We then move into an
attempt to generalize section 6 of [1] from monoscopic gluings to any gluing. We finally



end by discussing remaining questions and what we would like to continue to look at in the
future.

2 Background: numerical semigroups

We will now provide additional background on numerical semigroups, Apéry sets, and gluings
which will be useful when we present our results in later sections.

2.1 Fundamental properties of numerical semigroups

Having introduced numerical semigroups in the introduction, we will now begin this section
with a few examples of numerical semigroups.

Example 2.1.1. Consider
(5,7) ={0,5,7,10,12,14,15,17,19, 20, 21,22, 24, 25, 26,27,28 . . .}

Notice that 1,2,3,4,6,8,9,11,13,16, 18,23 are the only non-negative integers not in the
semigroup. Additionally, since we know that 5 is in the semigroup, because we have
24, 25,26, 27,28 in the numerical semigroup, we can obtain any integer greater than 28 by
adding copies of 5 to one of these integers. So we have a finite complement.

We can also have numerical semigroups with more than 2 generators, consider

(6,9,20) ={0,6,9,12, 15, 18, 20, 21, 24, 26, 27, 29, 30, 32, 33,
35,36, 38, 39, 40, 41, 42, 44, 45, 46, 47, 48,49 . . .}

Notice that 43 is the largest integer not in the numerical semigroup. Since we know that 6 is
in the semigroup, and 44,45,46,47,48,49 are in the semigroup, we can obtain every integer
greater than 49 by adding copies of 6 to one of these integers. So we have finite complement
here too.

We will now introduce an important result about numerical semigroups which is essential
to understanding gluings:

Theorem 2.1.2 (section 1.2 of [5]). Given a numerical semigroup S, there is a unique
minimal generating set A(S) for S.

Definition 2.1.3. We call elements of A(S) the minimal generators or atoms of S.
Example 2.1.4. Consider the numerical semigroup
(5,7,10) = {0,5,7,10,12, 14, 15,17, 19, 20, 21,22, 24, ...}
This is a valid numerical semigroup; however, notice that 10 = 2(5), so
(5,7,10) = {0,5,7,10,12,14, 15,17, 19, 20, 21,22, 24, ...} = (5, 7)

So {5, 7} is the minimal generating set for this numerical semigroup.
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For the purposes of this manuscript, when we refer to “a generator” of a numerical
semigroup S, we implicitly mean a minimal generator unless otherwise stated. We primarily
use “atom” when referring to posets, where generators always appear directly above 0.

We now make note of one final result about generating sets for numerical semigroups
which is useful for determining if a set is a generating set of a numerical semigroup:

Theorem 2.1.5 (section 1.2 of [5]). A set A(S) = {g1,92,.-.,9x} C Z>o is the generating
set of a numerical semigroup if and only if gcd(g1, g2, .., 9x) = 1.

2.2 Gluing

One process of constructing new numerical semigroups from others is a process called gluing.
Suppose S1 = (aj,...,ax) and Sy = (by,...,b;) are numerical semigroups, and «, 3 are
nonnegative integers. We may then define the set

T = OéSl +ﬁ52

where the usual definitions of adding sets and multiplying by a scalar are used. In particular,
this means that

T = (aay,...,qa, Bby,. .., Bby).

We next describe under what circumstances 7' is a numerical semigroup with the given
generating set:

Theorem 2.2.1 (section 8.3 of [5]). The set T' is a numerical semigroup with the above
generating set minimal if and only if

1. ged(a, B) =1,
2. a € Sy \{by,...,bs}, and
3. pe Sl\{al,...,ak}.

Definition 2.2.2. If all three requirements above are met, we call T'= «.S; + 553 a gluing.

Example 2.2.3. Consider (68,75, 85,105), notice ged(68,85) = 17 and ged(75,105) = 15.
Additionally notice that ged(15,17) = 1. Thus we have a candidate for a gluing, which
would be:

(68,75,85,105) = 17(4,5) + 15(5, 7).

The final condition that we need to check is that 17 € (5,7) and 15 € (4,5). Observe that
17=2(5)+ 7 € (5,7). Also, we can see that 15 = 3(5) = (4,5). So we have

(68,75,85,105) = 17(4,5) + 15(5, 7)

is a gluing.



2.3 Apéry sets and posets

In the introduction we defined an Apéry set for an element of a numerical semigroup S. We
will repeat the definition again here:

Definition 2.3.1. The Apéry set of a numerical semigroup S with respect to an element
1 € S is the set
Ap(S;p)={neS:n—pgS}

Example 2.3.2. Consider the numerical semigroup S = (6,9,20). We can then build the
Apéry set Ap(S;6) through the following method. The first element we can consider is 6.
Since 6 — 6 =0 € S we know that 6 ¢ Ap(S;6), but 0 —6 =—6 ¢ S5, so 0 € Ap(S5;6). Next
notice that 9 —6 =3 ¢ 5, s0 9 € Ap(6;.5). Furthermore 20 — 6 = 14 ¢ S, so 20 € Ap(S;6).
Continuing in this way we notice:

20 6=23¢5 40-6=34¢ 89 49 - 6=43¢ S
So we have Ap(S;6) = {0,9, 20, 29,40, 49}.

One important result about Apéry sets is that an Apéry set contains precisely one element
in each mod class for u:

Theorem 2.3.3 (section 1.2 of [5]). The Apéry set of S with respect to p € S consists of
exactly p elements, with each modulus class mod pu being represented exactly once. In fact,
we can give the equivalent characterization

Ap(S;p) = {min(SN[il,) : 0 <i < p—1}

or in other words, it consists of the minimal elements of each mod class mod p which lie in

S.

The fact that each mod class modulo p is represented exactly once in Ap(S;u) means
that we can write the Apéry set in order of mod class, i.e.

Ap<57 /“L) = {1:073:17 R 7‘1:#71}
where z; = ¢ mod p. We traditionally write Apéry sets in this order whenever possible.

Example 2.3.4. Following from Example 2.3.2, Ap(S;6) = {0,9, 20,29, 40,49} can be re-
ordered as Ap(S;6) = {0, 49, 20,9,40,29} since

0=0mod6 49 =1 mod 6 20 = 2 mod 6
9=3mod6 40 =4 mod 6 29 =5 mod 6

We now return to the concept of an Apéry poset. We assume the definition of a poset
and poset relation is known.



Definition 2.3.5. For a numerical semigroup S and p € S, then the Apéry poset of Ap(S; ),
is defined such that for ¢,d € Ap(S; ) we have ¢ < dif and only if d —c € S.

Additionally, we can define a specific type of precedence relation, the covering relation:

Definition 2.3.6. In a poset (P, <), we say an element b € P covers an element a € P if
a < b and there does not exist ¢ € P such that a < ¢ < b.

Theorem 2.3.7 (Prop. 3.10(a) in [3]). In the Apéry poset (Ap(S;u),=s), b covers a if and
only if b —a € A(S). Moreover, 0 is the unique minimal element of the poset, and it is
covered by the elements of A(S) \ {u}-

We call the elements which cover 0 the atoms of an Apéry poset. These correspond to
the atoms (generators) of an Apéry set which are not pu. We now consider the graphical
representation of a (finite) poset i.e its Hasse diagram.

Example 2.3.8. Returning to S = (6,9, 20), we know from Example 2.3.2 that
Ap(S:6) = {0,49, 20,9, 40,29}

Notice that 9 —0 =9 € A(S) so 9 covers 0. Notice also 29 — 9 = 20 € A(S), so 29 covers 9.
If we try 49 — 20 =29 € S, so 20 =X 49, but 49 does not cover 20 because they do not differ
by a generator. If we continue to consider all combinations of elements of Ap(S;6), we can
then build the following poset graph:

49

29 40

3 Apéry posets of glued semigroups

In this first set of results, we characterize the Apéry sets of arbitrary gluings with respect
to arbitrary elements. We then characterize the Apéry posets of monoscopic gluings with
respect to arbitrary elements, and the Apéry posets of arbitrary gluings with respect to a
generator.

Our key tool in this endeavor is the idea of a canonical factorization for integers based on
a glued semigroup, which will lead to a convenient membership criterion for both the glued
semigroup and, by extension, its Apéry set, as well as allowing us to describe precisely when
elements precede each other in the Apéry poset.

6



3.1 Canonical factorization and Apéry sets of general gluings

We first define the canonical factorization of an integer with respect to a glued semigroup
and prove its fundamental properties (existence, uniqueness, and membership criterion).
We then use the glued semigroup membership criterion to create an Apéry set membership
criterion.

To motivate canonical factorization, consider trying to determine whether an integer n
lies in the glued numerical semigroup 7" = aS; + £S5. Unfortunately, there are infinitely
many ways to write n as a linear combination ac; + fey of o and 5, and only one of them
needs to satisfy ¢; € S1,c € Sy for n to be in T'.

To get insight into this, we can consider an element we know to be in 7', namely «f.
There are two ways to factor this in 7', either as a(5)+3(0) or as a(0)+5(«). More generally,
we can observe that for any element of 7" with multiple factorizations, lowering the second
coefficient by o will raise the first coefficient by 3, and vice versa. We might hope that by
requiring us to minimize the second coefficient, we can pick out a unique factorization.

It turns out that we can always make the second coefficient ¢ small enough that it lies
in Ap(S2; @), and no smaller. Taking the equality n = ac; + fca mod « and then dividing
by 3, we see that ¢c; = nf~! mod a, which fixes the mod class of ¢, and guarantees we
cannot decrease ¢y any further once co € Ap(Sy; ). This allows us to establish a canonical
factorization for elements in T: Every element of T" has a unique factorization of the form
acy + Beg where ¢ € Ap(Sy; ).

This then allows us to answer our question of whether an arbitrary integer n lies in T,
since the canonical factorization above is still valid for any integer n: Write n = acy + Sca,
where ¢, is the unique element of Ap(Ss; ) that is equivalent mod « to n3~1. If ¢; € Sy,
then n € T by definition, whereas if ¢; ¢ S;, then n can’t possibly be an element of 7', since
it would have at least one factorization with the § coefficient cs.

We now prove this rigorously.

Theorem 3.1.1. Suppose T' = aSy + 555 is a gluing, and consider n € Z. Then there exists
a unique pair of coefficients ¢y, co such that

n = acy + Pey
where ¢y € Ap(Sa;a). Moreover, n € T if and only if ¢; € Sy.

Proof. Define ¢, to be the unique integer solution in Ap(Ssy; a) to the equation ¢ = n mod «a.
Then there is a unique integer solution ¢; to the equation

n = acy + [es.
This shows existence. To show uniqueness, notice that if

n = ac; + Bey = ad) + adj



where ¢y, ¢, € Ap(Sy; @), then taking the difference gives
aldy —c)+ B(cy—c) =0

Taking this mod « gives ¢, — ¢; = 0 mod «, forcing ¢, = co, from which ¢| = ¢; follows.

Suppose now that n has been written in canonical factorization n = acy + fecs. If ¢4 € Sy,
then obviously n € T. If ¢; ¢ Si, then suppose that n € S regardless, with factorization
n = acy + Bc,, where ¢} € Sy and ¢, € S5. Then we have

n—n=aoc,—c)+ P —c)=0

Taking this mod «, we see that ¢, = co + ma for some m > 0. But then ¢} — ¢y = —mp, or
equivalently ¢; = ¢} +np € S, a contradiction. O

Definition 3.1.2. Suppose T' = a7 + 955 is a gluing, and n € Z. We call the unique
factorization n = acy + [y with co € Ap(Ss; «) given above the canonical factorization of
n.

Example 3.1.3. Suppose T' = (4,5) = 4(1) + 5(1). Then
Ap(9; ) = Ap((1);4) = {0,1,2,3}.

1. The element 13 has only a single factorization 4(2) + 5(1) in 7", which is its canonical
factorization.

2. The element 25 has two factorizations, 4(5) + 5(1), and 4(0) + 5(5). Notice that the
two second coefficients, 1 and 5, are both 1 mod 4, but only 1 lies in Ap(Sy;4), so the
first factorization is the canonical one.

3. Suppose we wanted to know whether the integer 7 was an element of 7. We notice
that 7-57! = 3-17! = 3 mod 4, so we pick out the element of Ap({1),4) equivalent to
3 mod 4, namely 3, and write

Solving, we find ¢; = —2. Since —2 ¢ (1), we conclude that 7 ¢ (4,5). We can see this
intuitively by writing
7=4(-2)+5(3)

and trying to increase the coefficient —2. The only way to do so is to increase the —2
by 5 and decrease the other coefficient 3 by 4, giving

7=4(3) +5(—1)

which now suffers from the problem that —1 ¢ Ss.



Canonical factorization is convenient because it gives us an inclusion criterion for a glued
semigroup 1" = @Sy + 5;. Since computing the elements of Ap(T’; ) essentially reduces to
determining whether ¢ — p € T" for each element ¢ of T', canonical factorization allows us to
define an inclusion criterion for Ap(7T; ).

The strategy is to break an arbitrary element ¢ € T' into canonical factorization acy + fBea,
break the modulus p € 7T into canonical factorization au; + Bug, and then adjust the
coefficients of the difference ¢ — u = a(c; — 1) + B(ca — p2) by adding and subtracting copies
of af8 to put it in canonical factorization.

We include the complete result Theorem 3.1.6 below, but unfortunately it is not nearly
as nice as might be hoped. Taking the difference of two elements in canonical factorization
does not always give the canonical factorization of an element, and so far there seems no
intuitive way to tell how many copies of a3 have to be traded between the terms in order
to get back a canonical factorization other than directly taking differences.

Thankfully, things become much simpler in two special cases, which we will explore in
more depth later in subsection 3.2 and subsection 3.3, and turn out to be incredibly useful
on their own. These are p € aA(S7), where no trades are needed, and when Sy = (1), where
the number of trades n is at most 1.

Lemma 3.1.4. Suppose a;,a; € Ap(S; ). Then either a; —a; € S or a; —a; € Ap(S; ).
Proof. Suppose neither is true. Then a; — a; — p € S. But this means that

a; —p=(a;—a;—p)+a; €58,
contradicting a; € Ap(S; p). O

Corollary 3.1.5. For two elements a;,a; € Ap(S; ), there exists a unique integer n > 0
such that
a; — G + np = t;—; € Ap(S,,U,)

Theorem 3.1.6. With T = S, + 3S3, let
p=ap + Buz €T

have canonical factorization (i.e. py € Sy and s € Ap(Sa; ). Let
c=acy+ Py €T

have canonical factorization. Then ¢ € Ap(T'; ) if and only if ¢; € Ap(Sy; w1 + npB) with n
the unique nonnegative integer such that co — ps + na € Ap(Ss; ).

Proof. We begin by noting that n is unique by Corollary 3.1.5. We then move on to showing
that if these conditions are met, then ¢ € Ap(T’; ). We have

c—p=alcy — pr) + ez — pa2).
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So we have
c—p=a(cg = —npf) + Blca — p2 + na).
Since we assume that ¢; € Ap(Sy; 1 + nf) we know that ¢; — u; —nf ¢ S;. Furthermore,
since we assume cs — i + nav € Ap(Ss; ), by the uniqueness of the canonical factorization
we know that ¢ — pu & T. So ¢ € Ap(T; p).
On the other hand, suppose ¢ — ¢ T. So we have

c—p=aler—m)+Blcz—p2) ¢ T.

Define n to be the unique nonnegative integer such that ¢y — g + na € Ap(Ss; @) (which
exists by Corollary 3.1.5). Then the canonical factorization of ¢ — p is

c—p=alc; — pr —nf) + Bley — pg + na)
and so ¢ — pu € T if and only if ¢; — 3 — nfB ¢ Sy that is,
c1 € Ap(Sy; 1 +np).

So ¢ € Ap(T'; p) if and only if ¢; € Ap(Sy; u1 +npB) with n the nonnegative integer such that
cy — p2 + na € Ap(Ss; ). O

Question 3.1.7. This theorem requires computing a family of Apéry sets Ap(Si; pu1 + np)
for n ranging from 0 to some maximal value. What is the maximal value of n required? Is
there an efficient way to generate this family of Apéry sets from only one of them?

Question 3.1.8. Generalize the Apéry poset descriptions of the two special cases found
later to give a description of the poset associated to the above Apéry set.

While the above result is a useful membership criterion for the Apéry sets of glued
semigroups with respect to arbitrary moduli, it is also useful to understand the poset and
covering relations corresponding to glued semigroups. We will now present two special cases
of glued semigroups with their poset and covering relations:

3.2 Apéry posets of general gluings with respect to generators

Firstly, we will describe the poset and covering relations for glued semigroups with respect
to generators. Apéry sets are often considered with respect to generators so this case is
especially useful.

Corollary 3.2.1 (of Theorem 3.1.6). For a gluing T = «S; + $S,, with S1 = (a1, ..., ax)
and Sy = (by, ..., by), then the canonically factored

c=acy + Beg € Ap(T'; aay)

if and only if co € Ap(Sa; ), and ¢; € Ap(Si;a;). A similar result follows for generators
resulting from Ss.
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Proof. Observe that aa; = a(a;) + £(0) in canonical factorization. So by Theorem 3.1.6 we
know that for all ¢ = ey + o8 € Ap(T'; aa;), we need co — 0+ na € Ap(Ss; o). This is only
true when n = 0. Thus we have that ¢; € Ap(Sy;a;). O

Example 3.2.2. Consider the gluing 7" = (68, 85,100, 140) = 17(4,5) 4+ 20(5,7). We can
determine Ap(T’;17 - 4) by writing

Ap(T;aar) = a Ap(St; a1) + B Ap(Sy; a)

Ap(T;17 - 4) = 17 Ap((4,5); 4) + 20 Ap({5, 7); 17).

Iterating this process, we can quickly compute
Ap((4,5):4) = {0,5,10,15}

and
Ap((5,7);17) = {0, 35,19, 20,21, 5,40, 7,25, 26, 10, 28, 12, 30, 14, 15, 33}

so by picking elements e, es of these sets, computing the result of the expression 17e; + 20es,
and then sorting the result by mod class, we obtain the Apéry set

{lo], 885, 410, 955,
140, 685, 550, 755,
280, 485, 690, 555,
420, 285, 830, 355,
560, [85] 970, 495,
700, 225, 770, 635,
500, 365, 570, 775,
300, 505, 370, 915,
Ap(T;68) = 100, 645, [170], 1055,
240, 785, 310, 855,
380, 585, 450, 655,
520, 385, 590, 455,
660, 185, 730, [255),
800, 325, 870, 395,
600, 465, 670, 535,
400, 605, 470, 675,
200, 745, 270, 815}

where the boxed elements are those that come from choosing es = 0, and those in the first
column come from choosing e; = 0. We could also write this set as a 17 x 4 array, in which
case the boxed elements would be the first elements of the four rows and the current first
elements of each column would be spaced out every four numbers throughout the table.
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We now characterize the precedence and covering relations of the Apéry poset. The
lemma below is a useful counterpart to Lemma 3.1.4, which will also be used.

Lemma 3.2.3. Suppose a € Ap(S;u) and a — ¢ € Ap(S; ). Then ¢ € Ap(S; ).

Proof. Let ¢ be the element of Ap(S;u) such that ¢ = ¢ mod p. Then observe
a—c=a—c modpu

and that a — ¢ € Ap(S;u) by Lemma 3.1.4. This implies a — ¢ = a — ¢, or ¢ = ¢, and
therefore ¢ € Ap(S; ) as desired. O

Theorem 3.2.4. For a gluing T = Sy + 552, firx ¢,d € Ap(T; aay) with canonical factor-
izations ¢ = acy + Pey and d = ady + PBds (i.e. c¢1,dy € Ap(Sy;a1) and co,dy € Ap(Ss; ) ).

1. If B ¢ Ap(Si,a1) then ¢ 2 d if and only if c; =g, di and c3 =g, ds.

2. If B € Ap(Si,aq1) then ¢ < d if and only if c; <s, di and ¢y =g, da, or c; +nf =g, dy
and cy =g, do +na for somen > 1.

Moreover, the additional allowed condition in the second case always result in additional
relations.

Proof. 1f ¢y <g, di and ¢y =g, da, then d — ¢ = a(dy — ¢1) + B(dy — ¢o) with dy — ¢; € Sy and
dQ—CQ GSQ, SOCde.
If ¢y + np <g, dy and ¢y =g, ds + na for n > 1, then

d—c=a(dy —c1)+ B(dy — ¢3) = aldy — ¢y +nB) + B(dy — c2 — na)

where the first coefficient is in S; and the second is in Ss.
Now assume that d — ¢ € T. We then know that

d—c=a(dy —c)+P(dy—c2) €T.

If ¢ =g, dy then dy — co € S, and specifically in Ap(Sy;a) by Lemma 3.1.4. So then
di—c € Sl, i.e. ¢ =3, dy.

We know ¢y As, do if and only if dy — co ¢ Ap(Sy; ). By Corollary 3.1.5 we know that
there exists a unique n € Zs( such that dy — c2 + naw € Ap(Sa; ). If n = 0 we get the case
in the previous paragraph, so assume n > 1. Observe

d—c=a(dy — 1)+ B(dy — c2) = a(dy — c; — np) + B(dy — ca + na).

Since dy—co+na € Ap(Sy; o) we know that co <g, do+na. So a(d;—cy—nf)+5(dy—co+na)
is in canonical factorization, so d — ¢ € T if and only if d; — ¢; — nf € Sy, i.e. ¢ +nfB <X d;.
On the other hand, the fact that ¢,d € Ap(T;aa;) also gives that d — ¢ € T' if and only if
d—c € Ap(T; aay), if and only if d; —c; —nf € Ap(Si;a1). By Lemma 3.2.3, nf5 € Ap(S1; aq).
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Since we know that § € Si, therefore if we assume § — a; € S; (that is § ¢ Ap(Si;a4)),
then, since we are assuming n > 1, we may write

nB—a; =(F—a)+(n—1)p€Ss.

This would imply fn ¢ Ap(Si;ai), so by contradiction we must have 8 € Ap(Si;aq) if we
have an n > 1 case.

Finally, observe that if 8 € Ap(Si;a1), then the canonical factorization of af is «(f5) +
£(0), while the canonical factorization of f(a — g), for a generator g of Sy such that g <g, «,
is a(0)+B(a—g) (since a—g € Ap(Sz; ), and that we must have af—f(a—g) = B(g) € T,
S0

a(B) + B(0) 2 a(0) + Bla — g)

but this precedence relation cannot be given only by the n = 0 case. O]

Corollary 3.2.5. For a glued semigroup T = «S1 + Sy where we have Sy = {aq,. .., a),
and Sy = (by,...,by) fit c,d € Ap(T'; aa;) with ¢ = acy + Peg and d = ady + Bds in canonical
factorization. Then d covers c if and only if:

1. ¢1 = dy and dy covers ¢y in So, or
2. dy covers ¢ in S7 and co = dy, or
3. c1 +npB =d; and dy + na covers co in Sy, or
4. dy covers c; +nf in Sy and ca = dy + na.
Moreover, the third and fourth cases occur (for n > 1) if and only if 5 € Ap(St;a1).

Proof. First suppose one of the conditions holds. For condition (1), if ¢; = d; and dy covers
¢y in Sy then
d—c= O./(dl — Cl) + B(dg — CQ) = O&(O) + B(bz)

for some i € {1,...,¢}. Showing that condition (2) corresponds to a covering relation follows
similarly.
If condition (3) holds then we have

d—c=a(d,—c1)+ B(dy — c2) = a(dy — 1 — nfB) + B(dy + na — ¢1) = a(0) + B(b;)

for some ¢ € {1,...,¢}. Showing that condition (4) corresponds to a covering relation follows
similarly.
Now suppose that d covers c¢. Then we have two cases:
Case 1. Suppose d — ¢ = aa; for some i € {1,...,k}. Choose the corresponding i. So
we have
aa; =d—c=ady —c1) + B(dy — ¢a).
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Taking this equation mod « and dividing by [ we know that dy = ¢, mod a. Choose n € Z
such that ds + na = c. If n = 0 we have dy = ¢y, then clearly d; covers ¢; in S; and
condition (2) holds. If n > 0 then we know that

d—c=a(dy —c; —np) + f(dy — c2 + na).

So dy covers c; + nf which is condition (4). Since covering implies precedence by Theo-
rem 3.2.4 we know that n > 0.

Case 2. Suppose d — ¢ = fBb; for some i € {1,...,¢}. Choose the corresponding i. So
we have

,Bbz =d—c= Oé(dl — Cl) + B(dg — 02).

Taking this equation mod 8 and dividing by a we know that d; = ¢; mod . Choose n € Z
such that d; + nf = ¢;. If n = 0 we have d; = ¢, then clearly dy covers ¢y in S, and
condition (1) holds. If n > 0 then we know that

d—c=a(dy —c; —np) + p(dy — c2 + na).

So dy + na covers ¢ which is condition (3). Since covering implies precedence by Theo-
rem 3.2.4 we know that n > 0. ]

Example 3.2.6. We will now consider two examples, in order to demonstrate the precedence
and covering relations when we have the extra relations and when we do not have the extra
relations.

Before we look more closely at comparing two glued semigroups, we will begin by showing
the posets for Ap((5,7);17) and Ap((4,5);4) in Figures la and 1b, respectively.

40
® 15

¢ 10

5

®(
(a) Ap((5,7);17) (b) Ap((4,5);4)

Figure 1: The posets for Ap((5,7);17) and Ap((4,5);4)

This Apéry poset is useful for seeing the structure within the Apéry posets in Figures 2
and 3.
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Figure 2: Ap(T’;68)

Now, consider the numerical semigroup 7" = (68,85, 100, 140). Notice that T" can also be
written as the gluing 7" = 17(4, 5) + 20(5, 7). We have then that Ap(T’; 68) is represented by
the poset in Figure 2.

Notice that this poset resembles the poset for Ap((5,7);17) copied out 4 times. Thus, we
can view this Apéry set as a sort of Cartesian product between Ap((4,5);4) and Ap((5,7); 17).
The covering relations are highlighted by the different colored lines in this image, for two
elements ¢ = ac; + fey and d = ad; + Bdy located within the poset the black lines corre-
spond to when the associated covering relation is that ¢; = d; and dy covers ¢y in (5,7).
Furthermore, the gray lines correspond to the covering relation arising when d; covers ¢y in
(4,5) and ¢y = dy. Note that in this example 20 ¢ Ap((4,5);4) so we expect not to get any
extra relations.

Now consider the numerical semigroup 7" = (68,75, 85,105). Notice that 7" can also be
written as the gluing 7" = 17(4,5) + 15(5,7). Note that 15 € Ap((4,5);4), so we expect to
find extra relations. We have then that Ap(7”;68) is represented by the poset:

For two elements ¢ = ac; 4+ [Scy and d = ad; + Bdy located within the poset the black
and gray lines correspond to cases (1) and (2) of Corollary 3.2.5 respectively. The red lines
then correspond to the extra relations that occur because 15 € Ap((4,5);4), these are cases
(3) and (4) of Corollary 3.2.5.

In general, the red relations connect the bottom copy of the poset (Ap(Sz;a), <s,) to
the copy at the position in (Ap(S;;a1), =g,) corresponding to the position of 5 in the poset
(Ap(St;a1), <s,). Moreover, any two poset copies whose overall positions differ by 5 in the
poset (Ap(Si;a1), <s,) will be connected by these extra relations, and similarly for any poset
copies whose overall positions differ by ng for n > 2.
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Figure 3: Ap(T”;68)

3.3 Apéry posets of monoscopic gluings with respect to arbitrary
moduli

We take the definition of monoscopic gluing from [1]:

Definition 3.3.1. Fix a numerical semigroup S = (ny,...,n), an integer a € Zso, and an
element 5 € S\ {ny,...,n;} such that ged(e, 8) = 1.The numerical semigroup

T =aS+ p(1) = (any,...,ang, B)
is called a monoscopic gluing of S.

It is previously known [5] that the above T is a numerical semigroup and that the gen-
erating set is minimal.

Example 3.3.2. The McNugget semigroup given by (6,9, 20) is one example of a monoscopic
gluing. Notice that ged(6,9) = 3, so 3 is a candidate for a. Next notice that ged(3,20) = 1,
SO we can write

(6,9,20) = 3(2,3) +20(1)

We now will give a membership criterion for the Apéry sets of monoscopic gluings with
respect to arbitrary moduli. This is a corollary of our membership criterion for general
gluings with respect to arbitrary moduli (Theorem 3.1.6) but we share here before sharing
the poset precedence and covering relations of this case.

Corollary 3.3.3 (of Theorem 3.1.6). Let T' = oS+ (1) be a monoscopic gluing. Let u € T
have canonical decomposition p = aiy+Bua. Then ¢ = acy+Bey (in canonical factorization)
is in Ap(T; ) if and only if either

1. c; € Ap(S;p1 + B8) and 0 < cg < g — 1, or
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2. ¢1 € Ap(Sim) and pp < ¢ <=1

Proof. First note that in either case we have ¢y € Ap((1); ). Since Ap((1); ) = [0, v — 1],
we know that 0 < co, 0 < a—1. Sol —a < ¢ —pus < a—1. If g < uy we have
l—a<c—p < —1. S0 ¢y — ps +a € Ap((1); ). So by Theorem 3.1.6 we know that
¢ € Ap(T;p) if and only if ¢; € Ap(S;pu1 + 8). If co > po we have 0 < ¢5 — pp < @ — 1,
S0 ¢y — fa € Ap((1);). So by Theorem 3.1.6 we know that ¢ € Ap(T’; u) if and only if
c1 € Ap(S; ). H

A useful exercise is to verify that letting u be a generator (either o times a generator or
f) in Corollary 3.3.3 gives the same result as letting So = (1) in Corollary 3.2.1.
We now list the precedence and covering relations for the poset.

Theorem 3.3.4. Let T = aS+ (1) be a monoscopic gluing. Let u € T. Let c,d € Ap(T'; p)
have canonical decompositions:

c=aci + ey and  d = ady + Bdsy
Then ¢ < d if and only if either:
1. ¢5 <dy and ¢; =g dy, or
2. ¢ g di — .

Proof. To begin with, we will show that if ¢ <7 d then either ¢, < dy and ¢; <g dy, or
c1 g di — . Since ¢ <1 d, we know that d — c € T. We can expand d — ¢ to find

d—c= Oé(d1 — Cl) + 6(d2 — CQ).

We now have two cases: dy — ¢y > 0 and dy — ¢y < 0.

Case 1. Suppose dy —cy > 0. Then we know that d—c is in the canonical decomposition.
Since the canonical decomposition of an element of T is unique, we know that d; —c¢; € S
and hence ¢; =g d.

Case 2. Suppose dy — 3 < 0. Then, since 0 < dy, and ¢; < o — 1 we know that

]__anQ_CQS_]_.

So we have
1<dy —cp+a<a-—1.

Observe

d—c=a(dy — )+ p(dy — )
=a(dy —f—c)+PB(dy—ca+ )
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Since 1 < dy — o +a < a— 1, we know that d — ¢ is in canonical decomposition. By the
uniqueness of the canonical decomposition, since d — ¢ € T it follows that d; — 8 —c¢; € S.
Therefore ¢; <g d; — .

Now we will show that if one of the two conditions is met, then ¢ < d.

Case 1: ¢y < dy and ¢ <g d;. In this case,

d—c= Oé(dl — Cl) -+ 5<d2 — Cg).

Since d; — ¢; € S and dy — ¢o > 0, this is manifestly in 7.
Case 2: ¢; =g d; — . We write

d—c=a(dy — )+ p(dy — )

If dy—cy > 0 this is the canonical decomposition of d—c and we have dy—c; = (dy—5—c1)+0,
which is the sum of the elements di — 5 — ¢; and 8 in S. Otherwise, dy — co < 0. Since
0<c,d<a—-1,1—a<dy—cy <—1,implying 1 < dy —cs +a < a—1 so that

d—c=a(dy— B —c1)+ B(dy — s + @)

Since dy — ¢o + « is nonnegative and d; —  — ¢; € S from ¢; <g d; — (3, this is manifestly in
T. O

Theorem 3.3.5. With notation as in the previous theorem, specifically with S = (ny,ng, ..., ng)
then d covers ¢ in T if and only if one of the following criteria is met:

1. ci=dy and dy — 5 =1, or
2. dy covers cp in S and dy = ¢, or
3. dy=0,co=a—1, and d; = c1 + .
Proof. For the forwards direction, we know that d covers c if and only if
d—ce A(T) ={B,any,any, ..., an;}.

Case 1. Suppose d — ¢ = . Then we know that § = a(dy — ¢1) + 5(d2 — ¢2). We can
take both sides of the equation mod «, to find 1 = dy — ¢, mod . Since ¢ and d are in
canonical decomposition, we know that 0 < ¢y, dy < a— 1. Thus 1 —a <dy —cys < a—1.
Within that range, we know that 1 and 1 — « are the only two values which are equivalent
to 1 mod a. Suppose dy — ca = 1. Then we have = a(d; — ¢;) + . Thus we can solve
that d; = ¢;. This satisfies criteria 1. Suppose dy —cs =1 — a. Thus dy = ¢ + 1 — a.. Since
0 <dy,co <a—1, we know that

l—a<dy=c+1—a<0.
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So dy = 0. Thus ¢; = a — 1. Furthermore, since 8 = a(d; — ¢1) + f(dy — ¢2) we can solve
that di = ¢; + 8. This is criterion 3.

Case 2. Suppose d — ¢ = an; for some n; € A(S) = {ny,ns,...,n,}. Then we have
an; = a(dy — ¢1) + B(dy — c2). We can take both sides of the equation mod «, to find
ds = co mod a, and given that 0 < ds, co < a — 1 it follows that dy = co. Thus we have

an; = a(dy — c1) + B(dy — ¢2) = a(dy — ¢1).

So n; = dy — ¢;. We know that d; — ¢; = n; € A(S) if and only if d; covers ¢; in S. This is
criterion 2.
For the reverse direction, observe that if condition 1 is true, then

d—c=a(0)+p(1) =€ AT).

If condition 2 is true, then d — ¢ = a(n;) + £(0) = an;, where n; is a generator of S, and thus
an; is a generator of T'. If condition 3 is true, then d — ¢ = a(8) + f(—(a — 1)) = . O

Example 3.3.6. In order to demonstrate the covering relations and precedence relations
for monoscopic gluings with respect to arbitrary elements we will demonstrate using the
numerical semigroup 7' = (4,6,7) = 2(2,3) + 7(1). In this example we will be exploring
Ap(T;17). Before we show this poset however, we will begin by showing two preliminary
posets. Recall from Corollary 3.3.3, that for a gluing 7' = «S + (1) that for an element
¢ € Ap(T; ) we are concerned with when ¢; € Ap(S;u1) and ¢; € Ap(S; 1 + 8). So, we
will now look at the posets for Ap((2,3);5) and Ap((2,3);12), shown in Figures 4a and 4b,
respectively.

(a) Ap((2,3);5) (b) Ap((2,3);12)

Figure 4: The Apéry posets for Ap((2,3);5) and Ap((2,3);12)
Now we will show that Apéry poset for Ap(7’;17) in Figure 5.
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Figure 5: The Apéry poset for Ap(T;17).

The black lines in the image correspond to a difference of 4, the blue to a difference
of 6, and red to a difference of 7. Furthermore, notice the two different layers of this
poset, the bottom layer correspond to Ap((2,3);12) and the top to Ap((2,3);5). This
matches Corollary 3.3.3 describing two different cases one ¢; € Ap(S;pu;) and the other
c1 € Ap(S; 1 + B).

Then we can see the covering relations from Theorem 3.3.5, that case (1) corresponds to
the vertical relations, then case (2) are the relations within a slice and (3) are the diagonal
lines connecting slices.

4 Background: Kunz posets and the group cone

An interesting question when considering numerical semigroups is how two numerical semi-
groups relate to each other. One way we can consider this is when their Apéry posets look
“similar”. In the next subsection we will introduce a method of viewing “similarity” called
Kunz posets, and then in the following subsection we will introduce the group cone which
will help us to geometrically represent relations between numerical semigroups.

4.1 Kunz posets

While in the next subsection we will introduce a more general definition of a Kunz poset, we
will begin with the numerical semigroup-specific definition which will help to motivate the
importance of looking at the group cone later on. The following definition was taken from

2]

Definition 4.1.1. Given a numerical semigroup S and an element pu, the Kunz poset of S
with respect to p denoted Ku(S; 1) is the partially ordered set with groundset Z,, where we
replace each element of Ap(S; ) with its equivalence class in Z,,
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Example 4.1.2. Consider the numerical semigroup S = (6,9,20). We can take Ap(S;6).
The poset corresponding to Ap(S;6) is given by:

49

29 40

To find the Kunz poset we can relabel every node with its equivalence class modulo
6. For example we know that 0 = 0 mod 6. Additionally, notice that 49 = 8(6) + 1, so
49 = 1 mod 6. By taking the equivalence class modulo 6 for every element of Ap(S;6) we
have:

Notice that Kunz posets are not unique to one semigroup, more than one semigroup may
give rise to the same Kunz poset.
Consider the numerical semigroup S" = (6,62, 187). Firstly, we can find Ap(S’;6), which
is:
211
149 124

87 62

Using this Apéry poset we can find the Kunz poset Ku(5’;6)
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So Ku(S;6) = Ku(5’;6).

A natural question to ask next is when do two numerical semigroups have the same Kunz
poset? One important tool for answering this question is the group cone, which provides
a geometric perspective to the question. We will introduce the group cone in the next
subsection.

4.2 The group cone

We will now introduce relevant background about the group cone, a geometric object useful
for studying numerical semigroups. The group cone is based on ideas introduced in [4]. In
this section we are following closely to the introduction to the group cone given in [1]. The
following definitions and theorem come from [3]:

Definition 4.2.1. Fix m € Z>5 and a numerical semigroup S containing m. Write
Ap(S;m) ={0,a1,...,am_1}

where a; = i mod m for each i € {1,...,m — 1}. We call (ay,...,a,,_1) as the Apéry tuple
or coordinate of S.

Definition 4.2.2. Fix a finite Abelian group (G, @) with identity O¢, and let m = |G|. The
group cone C(G) C R™ ! is the pointed cone with facet inequalities

T+ T > Ty for i,j7 € G\ {O¢} with i @ j # Og

Theorem 4.2.3. Fix an integer m > 2, then the set of all Apéry tuples of numerical semi-
groups containing m coincides with the set of integer points (ai,...,am-1) in C(Zy,) with
a; =1t mod m for every i.

Drawing from polyhedral geometry we will note a further definition:

Definition 4.2.4. A face is a subset of the group cone that satisfies some subset of the facet
inequalities with strict equality.

We then say that an Apéry coordinate lies “in” a face when said coordinate lies in a given
face but does not lie in any proper subface. We will now include a final theorem from [3]:
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Theorem 4.2.5 (Theorem 3.4 in [3]). Fiz a finite Abelian group G and a face F' C C(Q).

(a) The set H ={h € G : x, =0 forall z € F} is a subgroup of G which we call the Kunz
subgroup of G. Furthermore, the relation P = (G/H, =) with unique minimal element
0 and @ < b whenever x, + Ty_q = x3 for distinct a,b € G is a well-defined partial order
(called the Kunz poset of F').

(b) If G =7, withm > 2 and F contains a numerical semigroup S, then the Kunz subgroup
of F' s trivial and the Kunz poset of F equals the Kunz poset of S.

5 Glued semigroups and the group cone

A recent paper [1] presents a method for describing where monoscopic gluings lie in the group
cone when the multiplicity is an element of the glued semigroup. Here we seek to generalize
these results to more general gluings.

In section 3 we gave a characterization of the Apéry posets of glued semigroups with
respect to generators. A next step is to consider where in the group cone we find glued
semigroups. A first key step to this is understanding the Kunz posets of glued semigroups.
In our characterization of the Apéry set elements for a general gluing we relate the Apéry
sets of glued semigroups to the Apéry set of the overall gluing.

In this section we define a gluing extension that essentially translates the relations be-
tween Apéry poset relations into Kunz poset relations. We also define a map which injects
the Apéry coordinate of a semigroup into a group cone of higher dimension, and specifically
to a point corresponding to an Apéry set of a gluing of the original semigroup, given a few
additional inputs. This map allows us to move from the Kunz poset for one semigroup into
a Kunz poset of a gluing involving that semigroup, which we show corresponds to the gluing
extension. These results work for numerical semigroups, but the map also works for points
that do not correspond to numerical semigroups, the map will “work” for any input which
is in the group cone (assuming the other required inputs are correct).

Notation 5.0.1. In order to simplify numerous expressions in this section, we adopt the
convention of prepending a “0” entry to each point in C(G), indexed by the identity element
of G. More precisely, we write each (z1, 3, ...) € C(G) in the form (xq, 21, x2, ...) with 2y = 0,
replacing C(G) with {0} x C(G), this is in agreement with section 6 of [1], which this section
seeks to generalize.

5.1 The face injection ®,g,

We will now introduce a family of combinatorial embeddings which are very similar to those
in section 6 of [1], with the change that we require k£ to be in an Apéry set rather than a
closed interval (which in fact is an Apéry set for (1)).
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Definition 5.1.1. Fix a finite abelian group G, a subgroup H C G with G/H cyclic, fix
p € G whose image in G/H is a generator. Let « = |G/H|. Fix So = (g1, ..., gr) a numerical
semigroup with o € Sy \ {¢1,...,9r}. We define

Q,s, :C(H) = C(G)

wr—x

where x4k, = qwy, + kw,, for each h € H and k € Ap(Ss; ).
Lemma 5.1.2. ®, g, is well-defined and injective.

Proof. Every element of G can be written uniquely as h + kp for h € H and k € Ap(Ss; ).
If we C(H) and 2 = ®,4,(w) then 2y = awy + Ow,, = 0. For any hy,hy € H, and
ki, ks € Ap(Ss; ) we have:

Thytkrp T T(ha—hy)+(ka—ki)p = OWhy + E1Wap + QWhy—p, + (k2 — k1)wa,
= a(Wny + Why—n,) + k2wa,
> QWp, + koW,

= Thytkap

So Im (®,s,) € C(G). Furthermore, ®,g, is clearly linear. By applying to Im (®,,) the
projection that keeps only the |H| components of the form x40, we get an injective map
from RI#! to RI#! that multiplies by «, so ®, s, must be injective. O

In application, the group G is Z,,,, the subgroup H is aZ,,, and p = [flaa; € Zaa, must
be relatively prime to . One important side effect of this notation is that the & map, as
written, is actually a map with domain C(aZ,, ) rather than domain C(Z,,).

Example 5.1.3. Consider the group G = Zg and its subgroup 2Z3. For the purposes of
applying the map ®,g,, we require o = |G/H| = |Z¢/27Zs3| = 2, and we require that p € Zg
satisfy ged(p,2) = 1, so p can be either 1, 3, or 5 (mod 6). Evaluating the map for each of
these p, we will observe three different types of behavior and correlate these to later results.
Choose G = Zg, H = 2Z3, and S, = (1). We will apply the map @, g, to the point

w=(0,4,5) € C(2Zs)

where the blue numbers are the indices (each an element of 2Z3) of the corresponding coor-
dinate. That is, we write wy = wyj; = 0, wp = wp, = 4, and wy = Wy, = 5. (As a sidenote,
we may immediately observe that {0,4,5} is Ap((3,4,5),3).)

The image of ®, 5, = ®, (1) is a point

T = (1;07'T17x27$37x47x5) S C(ZG)
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where each coordinate is defined by
Thikp = QW + kWep = 2wp, + kwigg),

This depends on the fact that each element of Zg has a unique decomposition as an element
h of 273 plus an element kp of Zg, where p is fixed and k varies over the set

Ap(Sz; ) = Ap((1);2) = {0, 1}.
To evaluate this map, we may begin by ignoring k£ and p by setting £ = 0. This gives
that x;, = 2wy, for h € 2Z3, or in particular,
2wo 2w2 2wy
T = ( %) » L1, § » L35 140,.1’5) S C(Z6)
Now suppose p = 1. Then in particular, we decompose
1=0+1p, 3=2+1p, b=4+1p
SO
$3:2w2—|—1w2:8+1(4) =12
x5 = 2wy + lwy =10+ 1(4) = 14
so all together,
P,y (w) = = ((O),le,g, 1327 1407 154) € C(Zg).
Performing similar calculations with p = [3]¢ gives

T1 = Taq1p = 221)4 + 1w0 =10

T3 = Toy1p = 2w + 1wy =0

Ts = Toy1p = 2wo + 1wy =8

) = 4 10.8.9109
and with p =5, we get

Ty = Toy1p = 2wy + lwy = 13

T3 = ','C4+1p - 2w4 + 1w4 = 15

Ts = Toy1p = 2w + lwy =5

D5 () = (0.13.8,15.10.5).
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Let’s now compare the resulting points:
b1 = cbl,(l) (U)) = (97 1117 §7 ]-327 1407 ]-54)

b3 = ®3,<1> (IU) = (97 1Oa §7 97 14()’ §>

ps = D51y (w) = (%), 113, 523, 135, 140, é)

Of these, we see that only ps looks like an Apéry set, with each component having the
corresponding mod class mod 6. This is Ap((5,6,8);6). It is no coincidence that this is the
same as the not-quite-valid “gluing” 2(3,4,5) + 5(1). (The dimensions in this example were
too small to properly illustrate a gluing.) The reason that ps turns out to correspond to
the Apéry set of an actual semigroup turns out to be the fact that there is an element of
Ap((3,4,5);3) = {0,4,5} that is equivalent to p = 5 mod 6. The same is not true of the
other two choices for p, 1 and 3.

Looking at p;, we observe that it does not correspond to a valid Apéry set. In fact, not
all of the mod classes mod 6 are represented. That being said, we can still construct a Kunz
poset from this point, with the corresponding equalities zo = 0, x5 = 2x1, 3 = 3x1, and
x5 = 1 + x4, and there are numerical semigroups with this Kunz poset in C(Zg), such as
(6,7,22).

Finally, looking at p3, we may notice that it is periodic. This is a side-effect of the fact
that ap = 2[3]¢ = [0], so that w,, = 0 in the map and the value of x,., is dependent only
on h. Because two coordinates of p3 are equal, it does not have a conventional Kunz poset:
The poset contains only 3 points, each labeled with two numbers. There are no numerical
semigroups in the associated face of C(Zg), but by viewing the poset as a Kunz poset for a
face of C(Z3), we get get a face that does have numerical semigroups in it.

Definition 5.1.4. Fix a poset P = (H/H', <p) where H' < H is a subgroup and suppose
hi,hy € H/H" and kq, ko € Ap(Sy; ).

(a) The gluing extension of P by Sy along p is the poset Q) = (G/H’, <¢) which satisfies
hl + k’lp jQ hg + k‘gp if and only if hl '_<p hg and k?l 552 k’g.

(b) The augmented gluing extension of P by Sy along p is the poset ) defined as follows

(i) If ap # 0, then Q = (G/H',=<g) is the poset satisfying satisfying h; + ki1p =g
hs + kop if and only if hy <p he and, for some n > 0, nap =p hy — hy and
/{31 — /{32 jSQ nao.

(ii) If ap = 0, then @ is the poset on G/(H’ + (p)) identical to P under the natural
group isomorphism G/(H' + (p)) = H/H'.

Remark 5.1.5. The non-augmented extension of P is isomorphic to the Cartesian product of
P with Ap(Ss; «). Furthermore, notice that the augmented gluing extension is a refinement
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of a gluing extension. If ap # 0, then new relations are added between the elements, (in
particular, the Kunz subgroup H’ stays the same) while if ap = 0, all of the elements that
would come from Ap(Ss; ) are collapsed onto a single node, making the Kunz subgroup H’
into the larger H'+ (p). In particular, this means that the element h+kp € G now lies in the
same equivalence class as h € GG, and satisfies same poset relations satisfied by the elements
h € H in the poset P. The natural isomorphism G/(H' + (p)) = H/H' is thus expressed by

G/(H" +(p)) > [h+ kplrr+() = [Murr(p) — W € H/H'.

Corollary 5.1.6. If S1 = (a1,...,ax) and T = oSy + BSy is a gluing then the Kunz poset
of T with respect to aa; is the gluing extension of the Kunz poset of S1 with respect to a; by
Sy along p = [Blaa; which is augmented if and only if 5 € Ap(S1;a;).

Proof. Tt ap = 0 then «aa; | aff so a; | 5 so € Ap(Si;a;) is impossible. By Corollary 3.2.1
we know that Ap(T’; cwa;) consists of all ¢ = aey + feg such that both ¢; € Ap(Sy,a;) and
¢y € Ap(Ss; ) with relations corresponding to Theorem 3.2.4. From Theorem 3.2.4 we know
that ¢ <r d if and only if ¢; <g, dy and cs =g, ds or ¢; +nf =g, di and ¢y =<g, dy + na
with n > 0 and the latter case occurring if and only if 8 € Ap(Si;ai). Set hy = [aci]ag,,
and hg = [Oédl]aa“ set Cy = kl and d2 = k2. The conditions C1 551 d1 and hl jp hg
with H/H' = oZ,, become identical. Furthermore ¢; + nf =g, dy implies ¢; =g, d; and
nf <g, di — ¢;. This corresponds to hy <p hy and nap <p he — hy. Finally ¢; =g, d2 + na
implies ¢; — d; =g, na which corresponds to k; — ky =g, na. ]

This result is probably best understood visually, that is by showing how the Kunz posets
relate to the Apéry posets:

Example 5.1.7. Consider the gluing 7' = 17(4,5) + 20(5,7) = (68,85,100, 140). Here we
have S; = (4,5), Sy = (5,7), « = 17, and p = 20. From Example 3.2.6 we know that

Ap({5,7):17) = {0, 35,19, 20,21, 5,40, 7, 25, 26, 10, 28, 12, 30, 14, 15, 33}

with poset:

We also know that the Kunz poset for Ku((4,5);4) is
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O =N W

And we know the Apéry coordinate is (0, 5,10, 15).
From Example 3.2.6 we know Ap(7’;68) is

In order to check that Ku(T’; 68) corresponds to the gluing extension of the Ku((4,5);4)
by (5, 7) along 20 we can check a few components to confirm that relationships are the same.
Since we are dealing with a coordinate in R, we will not be exhaustive, we will just choose
an example to demonstrate the idea.

Since G' = Zgs and H = 17Z, we know that the coordinate corresponding to Ap((4,5);4)
is indexed using {0, 17,34, 51}. Thus we have

w=(0,5,10,15) € C(17Zy).

Since 5 <p 15, we can notice that wy; <p ws; in Ap({4,5);4). Furthermore, from Ap((5,7);17)
we can observe that 7 <g, 26. So in the gluing extension we have 174 7(20) < 51+ 26(20),
rewritten mod 68 we have 21 < 27.

The element of Ap(T’;68) corresponding to 21 is 225 and the element corresponding to
27 is 775. Looking at the diagram for Ap(7';68) we can see that 225 < 775.

Example 5.1.8. If we want to check a point with augmented relations, we can use
T =17(4,5) + 15(5,7) = (68,75, 85,105).

Once again we have S; = (4,5), Sy = (5,7), and a = 17. What differs from Example 5.1.7
is that 5 = 15 = p. Since 15 € Ap((4,5);4) we can expect augmented relations. From
Example 3.2.6 we know that the poset for Ap(7”;68) is

28



Since we have the same « and S, the point corresponding to Ap((4,5);4) is still

w=(0,5,10,15) € C(17Zy).

In order to check that the augmented relations work as expected, we will want to pick values
that are suitably “far apart” for these relations to take effect. Notice that wy = wsi1_17(15)
since 17(15) = 51 mod 68. Also notice that 5 — 5 <g, 17. So in the augmented gluing
extension we have 0+ 12(15) < 51 + 5(15), rewritten mod 68 we have 44 < 58.

The element of Ap(7”;68) corresponding to 44 is 180 and the element corresponding to
58 is 330. Looking at the diagram for Ap(7”;68) we can see that 180 =<7 330. The fact that
the augmentation relations are necessary can be seen in the diagram: in order to trace a
path from 330 down to 180 we need to use one of the red lines.

Theorem 5.1.9. For a face F' C C(H), the image of ®,5,(F) lies within a face of C(G)
whose Kunz poset is the augmented gluing extension of P along p by Ss.

Proof. First, fix w € F C C(H), let x = ®,5,(w), let F’ denote the face containing = and
let ) denote the corresponding Kunz poset of F'. If ap = 0 we know that kw,, = 0, so
Thikp = 0 whenever wy, = 0. If ap # 0, then this occurs when w;, = 0 and & = 0. Notice
that wy, = 0 when h € H'. In either case ) has the claimed ground set.
Now suppose hq, hy € H and ky, ks € Ap(Sz; ). If ap = 0, then
xhl+k1p + Ihz—hl-‘r(kz—kl)p = Oéwhl -+ ]{leap -+ Oéth_hl -+ (k?g — /{21>wap
= &(whl + wh2*h1) 2> QWp,
= Thy+kap
with equality if and only if Ay <p hs. If ap # 0 then there are two possibilities:
If k1 <g, ko then we have:
Thy+kip + Thy—hi+(ka—k1)p — (awhl + klwap) + (Oéwh2*h1 + (kQ - k1>wap)
= a(whl + th_hl) + kgwap
Z QWh, + k2wap

= LThotkap
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with equality if and only if Ay <p ho.
If k‘l ﬁSg ]{32 then

(hg + ]{?gp) — (hl + k1p> = (hg - hl — nap) + (kz — k?l + na)p
with ko — k1 + na € Ap(Sz; ). Thus we have:
Thitkip T Tho—hi+(ka—k1)p = Thi+kip T Tho—hi—nap+(ka—ki+na)p
= awp, + k1Wap + 0Why—py—nap + (k2 — k1 + na)w,,
= a<wh1 + Why—hinap + nwap) + kaap

a(wp, + Why—n, ) + kawa,

>
> awp, + kawe,
= Tho+tkap

with equality if and only if nap <p ho—hy and hy <p he. In either case hy +kip =g ha+kop
in the cases required by Definition 5.1.4. Thus @, s, (w) lies in the interior of the face. [

Example 5.1.10. Consider the gluing
T = (68,75,85,105) = 17(4,5) + 15(5,7)

From Example 3.2.6 we know what Ap(7T’;68) looks like. We now want to demonstrate that
the Apéry coordinate corresponding to Ap(7'; 68) matches the output of @15 (5 7y (Ap((4, 5); 4)).
Rather than being exhaustive, we will check for a few components of the Apéry coordinate
corresponding to Ap(T’; 68). If we let 1557 (Ap((4,5);4)) = , then x5 = x34,7(15). SO

T3 = T3447(15) = 1Twsy + Twir(1s) = 1Twsy + Tws;.
From Example 5.1.8 we know that wss = 10 and ws; = 15. So
xg = 17(10) + 7(15) = 275.

Then from Example 3.2.6 we know that 275 € Ap(7';68) and 275 = 3 mod 68. Thus the
map works for xs.
We can now try with a different component. Consider

T = T51433(15) — 1711)51 + 331[)17(15) = 17w51 + 33'11}51 = (17 + 33)15 = 750

Then from Example 3.2.6 we know that 750 € Ap(7';68) and 750 = 2 mod 68. Thus the
map works for x,.

Definition 5.1.11. The gluing ray § of a gluing embedding ®, g, is defined
Shikp = Kk

for each h € H and k € Ap(Sy; ). Notice that s, = 0 precisely when h € H, so § must lie
in a face whose Kunz subgroup is H.
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Lemma 5.1.12. The gluing ray §

(a) lies in a face of C(G) whose corresponding Kunz subgroup is H, and

(b) is linearly independent to each vector in the image of @, g,

Proof. As noted above, s, = 0 precisely when h € H, so § must lie in a face whose Kunz
subgroup is H. For the second part, since ®,g, is linear and C(H) is full-dimensional, it
suffices to show that 5 lies outside the image of ®, 5,. Projecting the image of ®, g, onto the
coordinates indexed by H is injective by the proof of Lemma 5.1.2, while applying the same
projection to § gives us 0. [

Theorem 5.1.13. For any face F' C C(H), the set R>¢5+ ®g, ,(F) is in a face of C(G)
whose Kunz poset is the gluing extension of the Kunz poset of F.

Proof. To begin with we will demonstrate that the Kunz poset of the set R>5+ ®g, ,(F) is
the gluing extension of the Kunz poset of F. Let P = (H/H', <p) be the Kunz poset of F.
Let F” denote the smallest face containing the set R>¢5+ ®g, ,(F), and let Q = (G/H", =q)
be the Kunz poset of F’. We want to show that @ is the gluing extension of P. To begin
with, we need to show that the gluing extension of P, and the poset () have the same
ground sets. Since @, ,(F) C F’, by Theorem 5.1.9 we know that H” C H’'. Furthermore,
the coordinates in which § is 0 are those indexed by H, by Lemma 5.1.12, which implies
H" = H'. Thus we know that the grounds sets are equal.

Now we need to show that the same poset relations hold. Fix x € R>¢5+ ®g, ,(F'), and
write v = y+cs fory € @, ¢, (F) and ¢ > 0. If hy +kip, ho +kop € G, then by Theorem 5.1.9
we know that

Thy ki pHTho—hy+(ka—k1)p) = Yhy+k1pTCRIFYny—hy+(ka—k1)p) FC(B2—F1) = YngtkorhotCh2 = Thyqhop-

Thus we know that F” satisfies all of the Kunz equalities of the gluing extension. We know
that these are the only equalities satisfied by F’ because we know that the Kunz poset of
P, s, is a refinement of the Kunz poset of F”, and 5 does not satisfy the additional relations
hi + nap =<p hy and k1 =g, ko + na. Thus we know that () is equal to the monoscopic
extension of P. O

Example 5.1.14. Consider the gluing
T = (68,85,100, 140) = 17(4,5) + 20(5,7)

From Example 3.2.6 we know what Ap(T’;68) looks like. We now want to demonstrate that
the Apéry coordinate corresponding to Ap(7’; 68) is in the span of ®9 57y(Ap((4,5);4)) and
5. We want to show that the coordinate for Ap(7’;68) is equal to @ 57y (Ap((4,5);4)) 4 c5
Rather than being exhaustive, we will check for a few components of the Apéry coordinate
corresponding to Ap(7’; 68). If we let ®oq 57 (Ap((4,5);4)) = x, then x3 = 34112(20). SO

To = T34412(20) = 1Tw3zg + 12w17(20) = 17ws4 + 12wp.
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From Example 5.1.8 we know that ws, = 10 and wy = 0. So
xe = 17(10) + 12(0) = 170.

The value of Ap(T’; 68) corresponding to mod class 2 is 410. So then 410 — 170 = 240. Then
Sy = 12. So if y = Ap(T;68) we have yo = 3 + 20s,. We can now try with a different
component. Consider

Tg = T17420(20) = 17’(1}17 + 201()17(20) = 171[)17 + 20’(1)0 = 17(5) =85

The value of Ap(7';68) corresponding to mod class 9 is 485. So then 485 — 85 = 400. Then
S9 = 20. So if y = Ap(T;68) we have yg = w9 + 20s5. Notice that we have the same
coefficient on § in both components. There are 68 components, so this is not proof, but it is
a demonstration of how Theorem 5.1.13 works.

5.2 Face-filling

Section 5 of this write up is an attempt to generalize section 6 of [1]. While many of the results
generalize quite nicely, one notable exception is Theorem 5.1.9 which is a generalization of:

Theorem 5.2.1 (Theorem 6.7 in [1]). The image of ®, 1y is a face of C(G). More precisely,
given any face ' C C(H) with Kunz poset P = (H/H', <p), the image ®, 1)(F) is a face of
C(G) whose Kunz poset is the augment monoscopic extension Q) of P along p.

In [1] the image of the ®, map is guaranteed to be an entire face of C(G), however in

Theorem 5.1.9 the image of ®, g, is not always an entire face of C(G). A similar issue arises
for:

Theorem 5.2.2 (Theorem 6.10 in [1]). For any face F C C(H), the set R>o5+ ®, 1y(F) is
a face of C(G) whose Kunz poset is the monoscopic extension of the Kunz poset of F.

Here we have that R>¢5'+ ®,(F) is a face of C(G) but in Theorem 5.1.13 we only have
thatR>¢5+ @, 5, (F') is contained within a certain face of C(G). We thus want to establish
when the image of @, g, is a face of C(G).

This proved to be rather difficult for us. In [1], Theorem 6.11 says that for a face with
a monoscopic gluing every point that is an Apéry coordinate in that face corresponds to a
monoscopic gluing. We cannot guarantee for a glued numerical semigroup that all numerical
semigroups with Apéry coordinates in the same face are also gluings.

Example 5.2.3. Consider the glued numerical semigroup
T, = (198,220,242,1111,1212,1313) = 22(9,10, 11) + 101(11, 12, 13).
We can also consider the numerical semigroup
Ty = (198,220,242, 1511, 2400, 3289)

which is not a gluing. One can use Sage (or GAP) to check that these two numerical
semigroups have the same Kunz poset, but the poset is to large to include here.
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The following definitions and theorems will prove that for a face F' of C(H), that ®, s, (F)
is a face (F”) of C(G) if and only if dim(F) = dim(F"). This moves us closer to a condition
on when a face of the group cone contains only gluings, because this amounts to showing
that the two faces are of equal dimension.

Definition 5.2.4. Suppose G, H are finite abelian groups with H < G, G/H cyclic. Let
a = |G/H|. Then define the map

m:C(G) = C(H)

by 7m(w) = x with
1
Wp — —Th.
a

We call this the projection map from C(G) (down) to C(H).

Theorem 5.2.5. For any p, Ss, the projection map m is a left inverse on F' for ®,q,. That
18,
T o (I)p75'2 = IdF

Proof. Suppose w € F, and define x = ®, 5, and z = m(x). Then for h € H,

1 1 1
Zp = —Wp = a(thrOp) - a(awh + Owap) = Wn

as desired. ]

We know that @, s,, applied to a face with poset P, gives back the face whose poset () is
essentially a cartesian product of P with Ap(Ss; «), with some extra relations. As expected,
7 takes such a poset and returns only the information corresponding to the starting poset
P.

Theorem 5.2.6. Suppose I is a face of C(H), F' is the face of C(G) whose Kunz poset @
is either the augmented or non-augmented gluing extension of the Kunz poset P of F, and
x is a point in F'. Then w(x) € F.

Proof. If @ is the non-augmented gluing extension of P, then, limiting ourselves only to the
coordinates of C(G) indexed by elements of H, we get the relations hy + 0p =g he + Op if
and only if hy <p he, if and only if =y, + zp,—n, = zp,, if and only if

1 n 1 1
—Ip —Lhy—hy = —Th
o 1 o 2 1 a 2

if and only if wy, + wp,—n, = wp,. But this is the description of the exact facet equalities
encoded in the Kunz poset P for the face F', so the point w must lie in F.
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Suppose now that the Kunz poset @@ of F’ is the augmented Kunz poset of P. If ap # 0
(as in Definition 5.1.4), then we have h; 4+ 0p =g he + 0p if and only if (combining the cases)

hi Xp hy and nap Xp hs —h;y and 0—0 =g, na

for some n > 0. The third condition is vacuously true since a € Sy, and we can then always
choose n = 0 to satisfy the second condition. This then gives the same list of conditions as
above, and the logic follows identically.

Finally, if Q) is the augmented Kunz poset of P and ap = 0, then we have the isomorphism
G/(H' + (p)) = H/H' defined by

[h+ kplars(py = [Mla-

In particular, we see that hy + 0p =g ho + Op if and only if [hi]gr <p [he]m, if and only if
(stripping away the equivalence classes) hy <p ho. As before, this gives us the same set of
conditions, and translates to the same result. O

Theorem 5.2.7. Suppose F is a face of C(H) and F' is the face of C(G) in which ®, s, (F)
lies. Then ®,¢,(F) = F" if and only if dim F' = dim F.

Proof. If ®,,(F) = F’, then in particular dim F' = dim ®, g, (F') = dim F".
Now assume dim F” = dim F'. Then since 7 restricted to F” is a surjective linear map
(Theorem 5.2.5) from F”’ to F' (Theorem 5.2.6) and both F” and F" have the same dimension,

7 is in fact a bijection from F’ to F', and is thus the two-sided inverse of ®,g, : F' — F,
showing that ®, ¢, (F) = F'. O

5.3 A special case: n x 2 gluings

While we do not have a condition for when general gluings “fill a face” of C(G), when
we restrict S; = (b1, be), we have made more progress. We then have two cases: when
b1by € Ap(Sy; ) and when biby ¢ Ap(Sy; ).

When b1by € Ap(Sy; ) we have the following result:

Theorem 5.3.1. If Sy = (b1,bs) and biby € Ap(Ss; ) for a face F C C(H), the image of
P, 5, (F) is a face of C(G) whose Kunz poset is the augmented gluing extension of P along p
by SQ.

Proof. By Theorem 5.1.9 we know that ®, ¢, (F) is in a face of C(G) whose Kunz poset is
the augmented gluing extension of P along p by Ss.

Let F' C C(G) denote the face whose Kunz poset is the augmented gluing extension
Q@ or P (which must exist by above), and fix x € F’. Define w, = éxh for h € H. Let
k = c1b; + cobs and v = ai1b; + agbs. We can see
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Thikp = Th + Tkp because h <q h +kp

=, + a(aa:kp)

1
=z, + a(a(ﬂf(clh-&-czbﬁp))

=xp, + a(oz(xclblp + Teybop)) because c¢1b; =g, k
= 21+ —((@by + 02D (e + Tesi)

= 0 (0001 (Ter) + 1D (est) + 032(rnp) + 02 ()

= x5 + a(alblcl (zb,)) + aabica(z,)) + abacy (2, ) + a2baca(zp,),))

=, + a(oqblcl (b, ) + arbaca(T, ) + qbicr(Th,,) + abaca(w,,))  because byxp, = by,
=uxp, + a(alclblmblp + v cobay, ), + 21012, + 2Cabay,))

1
= Tp + a(k(QQbeﬂ + alxblﬂ))
=z + a(k(xO‘Qb%) + o)) because by =g, abs

1
=y + a(k‘(ﬂ?afbl)p + Tbyp))

1
=z, + a(kap) by augmentation

= awp, + kw,, = @, 5, (w)
This proves set equality for @, g, (F) = F” O
In the case where b1by ¢ Ap(Ss; ), we then have the following result:

Theorem 5.3.2. For a gluing T = Sy + 552, if So = (by,b3), and biby ¢ Ap(Ss; ) then
there ezists a monoscopic gluing T' = oS’ + /(1) where the multiplicity of T is not /3.

Proof. Fix a k x 2 gluing T" = a.S; + S5. Since we assume that b1by ¢ Ap(Ss; ) we know
that without loss of generality o = 2b; with 0 < x < by — 1. So by | . Thus we can rewrite

(0% (0%

T = b1<b—1a1, R b—lak,6> + <ﬂb2>
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We will now show that this is a valid gluing. First note that | Sbs and by # 0 so 8by is a
non-generator element of the opposite semigroup. Next note that ged(by,by) = 1. So since
ged(a, B) = 1 and by | «, we know ged(by, fbs) = 1.
Now we just need to show that
« Q@
<b_1a17 s b_lak7ﬁ>

is a valid semigroup. Since 7' is minimally generated, it suffices to show that gcd(%, p)=1.
This follows from the fact that ged(a, f) =1 O

Remark 5.3.3. This means that we can apply results from [1] when b1y ¢ Ap(Sy; ). When
b1bs ¢ Ap(Ss; ) we sometimes have face-filling and we sometimes do not. However, we are
able to avoid describing these cases by defaulting to [1] instead.

6 Further questions

In subsection 3.1, we introduced the idea of a canonical factorization for elements of an
semigroup 17" when T is a gluing. This allowed us to deduce a membership criterion for 7T,
and thence a membership criterion for the Apéry sets of T. While the idea of a canonical
factorization does not seem to work nearly as well for numerical semigroups in general, such
a concept may well prove useful for investigating the Ap ery sets and posets of other families
of semigroups.

While we fully described the Apéry set of a gluing T" with respect to an arbitrary element
i (Theorem 3.1.6), the description was rather cumbersome, and we did not give a completely
general description of the associated Apéry posets.

Question 6.0.1. Generalize the Apéry poset descriptions of the two special cases Corol-
lary 3.2.1 and Corollary 3.3.3 found later to give a description of the poset associated to the
Apéry set given in Theorem 3.1.6.

Question 6.0.2. This theorem requires computing a family of Apéry sets Ap(Si; 1 + np)
for n ranging from 0 to some maximal value. What is the maximal value of n required? Is
there an efficient way to generate this family of Apéry sets from only one of them?

One of the consequences of having a description of the Apéry posets of general glu-
ings, at least with respect to generators, is in particular, the ability to determine the num-
ber of maximal elements of an Apéry set, one way of looking at the faces of the group
cone. A cursory glance seems to indicate that the number of maximal elements of the
Apéry set (Ap(T'; way), <7) should be the product of the number of maximal elements of
(Ap(‘s’l; al)v jsl) and of (Ap(s2; O./), ng)»

Question 6.0.3. Confirm or disprove the above assertion, and if false, find the correct
answer.
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In [1], it was found that when (S3) = (1), that ®, 1y(F') for F' a face of C(H) is always a
face of C(G) and that every numerical semigroup in that face had a gluing of the same type,
with S; coming from the same face F' and with Sy = (1). Experiments seem to indicate
that, whenever ®, 5, (F') is a face F” of C(G), every numerical semigroup in F” is a gluing of
the same type, and the same also seems to hold true for the non-augmented face obtained
by spanning with the gluing ray 5, g,.

Question 6.0.4. Is the above conjecture true?

If every numerical semigroup in a face can be written as a gluing (it is possible to have a
mix of gluings and non-gluings in the same face, as in Example 5.2.3), it seems like at least
one gluing type is shared across the entire face.

Question 6.0.5. Show whether this is always the case, and whether, by extension, any face
containing a gluing 7" can be expressed as the image of a face injection ®,g,, where S is
derived from some gluing of 7.

In Theorem 5.2.7 we were able to show that for a face F' C C(H), and F' C C(G) the
face which contains ®, g, (F'), that ®,¢,(F) = F’ if and only if dim F’ = dim F'. This gives
us a starting point to find a condition for when @, g, (F') = F'. A recent paper [2] created a
number of useful tools for computing face dimension from Kunz poset, hopefully we can use
these tools to create a condition for when @, g, (F) = F'.

Question 6.0.6. Find a condition dependent on the Kunz poset of F; Ap(Ss; «) and p, for
when dim F’ = dim F', and thus by Theorem 5.2.7 &, g, (F) = F".
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