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1. PRELIMINARIES

Definition 1. (Numerical Semigroup) We say S C Z> is a numerical semigroup
(or monoid) if:

(1) S is closed under addition

(2) S has a finite complement

B3)0es

Definition 2. (Frobenius Number) We say the Frobenius number of a semigroup
S is the largest element in the complement of S, i.e.

E(S) = max(Z0\S)
Definition 3. (Simplicial Complex) A simplicial complex is A C P([n]) such that if
A€ Aand BC A, then B € A.
Definition 4. (A;) Let S = (ny,...,n) and fix n € S. Then

Ap={FC{ny,...,m}:n— Y n; €S}
n;€F

Example 5. Let S = (6,9,20). Then Agy = {20, {6,9},6,9,D}

i
20 9

Definition 6. (Euler Characteristic) For a simplicial complex A, we say f_1 =1,
and f; is the number of i-dimensional faces in A for all i > 0. We define the Euler

characteristic of A to be
[ee]

x(@) =Y (~)"f

i=—1

Definition 7. (Homology) For a simplicial complex A, we say H;(A) is the number
of i-dimensional holes of A.

Definition 8. (Hilbert Series) We say the Hilbert series of a numerical semigroup

N is given by
H(N) =) "
neN
It is known that
KC(N; )

HIN) = Gy )

where IC(N;t) = Y ,en X(8n)t". If, for some n € N, x(A,) # 0, we say that n is
shaded.

2. ON THE SUBJECT OF SKELETAL MONOIDS

Throughout, let ay, ..., a; be pairwise relatively prime, P = a;y - - - a;, and n; =
P/a;for1 <i<k.

Definition 9. (Skeletal Monoids) We say S = (ny, - - -, ny) is skeletal.
Theorem 10. (Modernistic) Let S = (2,- -, %) be skeletal. Then, for0 <n <k—1,

m
Ayp is a uniform graph of dimension n on k vertices.
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Proof. Fix n. For any subset T of generators of size m < n, we have a factorization
of nP using exactly the generators in T by multiplying each generator n; = P/a;
by mjaj, where m; is a natural number and so that the m; sum to n (which is
always possible so long as m < n). Hence the uniform graph of dimension
n on k verties is a subgraph of A,p. Then, it suffices to show that there are
no factorizations of nP using strictly more than n generators. Suppose such a
factorization existed, of the form

k
Y ¢inj =nP (11)
i=1

where at least n + 1 of the c; are nonzero. Since 4; divides P and each generator
but n;, we must have that a; | ¢; for each 1 < i < k. As at least n + 1 of the
¢; are nonzero, we must have that ¢; > a; for at least n + 1 coefficients, and the
remaining coefficients are at least nonnegative. Substituting these observations
into the left hand side of gives us

(n+1)P <nP
a contradiction. O

Corollary 12. Let S = (%, e, %) be skeletal. Then, Ap is the totally disconnected
k-graph.

Proof. Set n = 1 in the preceding Theorem. g

Proposition 13. Let S = (L,..., %) be skeletal. Then, if Ag is a uniform graph of

ap’
dimension n on k vertices with n < 'k, Q = nP.

Proof. Since Ag contains every subset of size 1, we have a factorization

n+1

Y eni=Q
i=2

where each ¢; # 0. Since a; | n; for all i # 1, a; | Q. By a similar argument
we have that 4; | Q for all i, so P | Q, i.e. Q = mP for some m. If m > k,
then we have a completely filled in graph, as we have a factorization using all
the generators by multiplying each generator n; = P/a; by mja;, where m; is a
natural number so that the m; sum to m (which is always possible so long as
k <m). So0 <m < k—1, and the characterization from Theorem [10| assures us
m=mnand Q = nP. O

Corollary 14. Let S = <%, e, %> be skeletal. Then

k

F(S)=(k=1)P—) n

i=1
o is the uniform
graph of dimension k — 1 on 1 vertices, since subtracting any proper subset of the
generators from this quantity remains larger than F(S). The preceding Theorem

then guarantees that F(S) + Y5, n; = (k—1)P. O

Proof. For any numerical semigroup S, we have that A E(S)

e This is the statement Vadim
asked us to look at originally. -
Sam
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Lemma 15. Let S = (L ar a£> be skeletal. For all Q € S, Q is of the form

Q =mP + Z cin; (16)

i=1
such that ¢; < a; for all i. Further, c; and m are unique.
Proof. Suppose Q has two factorizations, Q = Z 1cmy = Zl 1b:nl Letting
¢ = ¢ (mod a;), b; = b} (mod a;), m; = vk 1L J and mp = Z 1L J we have

mlP + ZZ 1ciny = moP + Zé‘:l bin;. By cancellat10n properties, we would have

Z 1(bj — ci)n; = (my — my)P. For each a;, a;|P, but a; { n;, hence a;|(b; — ¢;).
But by construction b;,¢; < a;, so |b; —¢;| < a;. Hence a; 1 (b; — ¢;). Therefore
bi —c¢; = 0, and so my; —my = 0. Therefore we can uniquely write Q as Q =
mP + 25'(:1 cin; U
Lemma 17. Let S = <£, e a£> be skeletal. Then the Ap is uniform of dimension

m — 1 on k vertices.

Proof. Since for all i, a;n; = P, there is a factorization for mP using any m distinct
generators. Hence A,,p has all m — 1 dimensional faces. O

Lemma 18. Forn € N and n < k,

mfo ()= (5, e

Proof. For n =1, we have

mi_o C;)(‘”m - (S) - @ =1-k= (kf)(—l)”

Proceed by induction; assuming the statement holds for 7, note

HZH (Z)(—l)m = i (:1)(—1)’” + <n—k|—1>(_l)nH

m=0 m=0
(k—1)!

— (—1)”m + (—1)"tt

(k= 1)+ 1) 1K
= )" T e D

Kt
F—n=D)i(n+1)!

o k=1 —n—1)
= ) e T D)

o (k—1)! _ (k-1 .
= (= (k—=n—2)!(n+1)! (n—|—1>(_1) "

Theorem 19. Let S = <ﬂ’ x a£> be skeletal. and Q € S. Then,
(1) FP1Q, x(bg) = 0.

© TODO: Prove the second equal-
ity (2)

Z Z ( )tPn ) — kf (knl)(—l)”tpn _ (1 Py

n=0m=0
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Proof. By Lemma Q can be uniquely written as Q = mP + Zé‘:l b;n;. Denote
the number of nonzero b; as 5. Looking at the simplicial complex of Q restricted
to n; such that b; = 0, this is exactly the simplicial complex of mP’ in the restricted
semigroup generated by those 1;, and P’ is the product of them, and by Lemma
is uniform of dimension m — 1 on k —  vertices. The Euler characteristic of
this restricted graph is given by

For each facet in this restricted graph, we may attach any subset of the § other
vertices, increasing the cardinality of each facet by the number attached. Extend-
ing the graph to include all k vertices, we in the restricted graph, we may from
each face in the restricted graph, we add a face for each new vertex, and pair of
vertices and so on. Hence the Euler characteristic of the full graph is given by

£ (o)

i=0

By factoring and using the binomial theorem, we have

p .
Ko =AY (§) (1) = A0+ (1) = 40 =0

Therefore if B # 0, then x(Ag) = 0, hence (1).
If B =0, the P|Q and x(Ag) = A = vk, (Il()(—l)l Thus the only nonzero
coefficients of KC(S;t) are from Q = mP, and

k=1 n k
K(S;t) = ( >t”(—1)’”
n;() mZ:;O mn
The second equality follows from Lemma [18| and the last equality follows from
the Binomial Theorem. O

Lemma 20. Let S = (ny,--- ,ng). If lem(ny, - - -, ng) /n; are pairwise relatively prime,
then S is skeletal.

Proof. Write a; = lem(ny, -+ ,ng)/n;. Then, n; = lem(ny,---,ng)/a;, and so
lem(ny, - - -, ng) must be exactly aj - - - a. O

Theorem 21. Let S = (ny,--- ,ny), and suppose there exists an m € S so that A, is k
singletons. Then, S is a skeletal monoid. Further, m = lcm(ny, ..., ng).

Proof. Since A, is k singletons, A;;_,, must contain only the single vertex n;,
since any other vertices imply a factorization of m using multiple generators. So
n; | m — n; for all n;, and in particular n; | m for all m; thus b -lem(ny,...,ng) =
m for some natural number b. If b > 1, then we have a factorization of m =
lem(ny, ..., ng) + (b —1)lem(ny, ..., n;) using multiple generators,
so m = lem(ny, ..., ng) = a;n;. Now, since Ay, is k singletons, then

Zs(m) = {(511,0,"' /0)/... /(0/. .. /O,Hk)}

e TODO: Make wording more
clear
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Suppose towards contradiction ged(a;,a;) = ¢ > 1 for some i, j. Then a; = caj and
a = ca;-. Therefore m = cain; = ca]’-nj = a; = a;. So we have m = cajn; = (c —
Dain; + ain; = (c —a)ajn; + anjand (0, -+, (c = 1)aj, -+ ,a;,--+,0) € Z5(m), a
contradiction. Hence for all i, j, i # j, gcd(a;,a;) = 1. O

3. ON THE SUBJECT OF GLUING

The following lemma will save us much grief:

Lemma 22. (Rosales, Sanchez, [2|) Let S and Sy be numerical semigroups minimally
generated by {ny,...,n,} and {n,41,...,n.}, respectively. Let A € S1\{ny,...,n;}
and let y € So\{ny41,...,ne} with gcd(A, ) = 1. Then,

S=(uny, -, ung, Anpyq, -+, Alte)
is minimally generated. We say the above is a gluing.
Proposition 23. For any natural number N, let
S=(4N,4N+1,--- ,5N—-1,5N+1,5N+2,--- ,6N)
Then, Aqon is the simplicial complex with N disconnected line segments.

Proof. Since the greatest common divisor of two consecutive numbers is 1, S is
indeed a numerical semigroup, and is minimally generated since twice the small-
est generator 4N is larger than 6N, the largest generator. Now, any factorization
of 10N must involve exactly two generators, since 10N is not a scalar multiple
of any generator, greater than the largest generator, and smaller than 3 times the
smallest generator. Clearly, these factorizations are given by pairing the generator
AN + B with (10 — A)N — B. O

Lemma 24. Let S = (nq,--- ,ny) and let m € S, with m = 1 modulo p for some prime
p. Then,

S/ = <Pn1/ e /P”k/ m>
is minimally generated.

Proof. Let m = Zf-‘zl a;n;. Suppose the presentation above is not minimal and
hence there exists an expression:

k
qm+p)Y cini=q) ami+p) cin = pn
i#] i=1 i#]
for some j, and at least some c; > 0. We have that p | g and so we may factor out
p:

k
qY amni+) cini =n; (25)
i=1 i#]

If a; = 0, then we may write n; in terms of the other generators of S, and so
S was not minimally generated. Hence, aj > 1, and we have that 4 > 1 by
the same argument. But now the left of is strictly larger than the right; a
contradiction. U
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Theorem 26. (Adding Points) Let S = (ny,- - - ,ny) and let m € S, with m = 1 modulo
p for some prime p. Then, Ay in

§'=pS+m{l) = (pm,--- , pn,m)
is the simplicial complex of m in S with an additional disconnected vertex.

Proof. Certainly, any relations between m and the 7n; will hold between pm and
pni, so Apy contains a copy of Ay, in S. Further, we have the vertex m since pm is
a multiple of this last generator. Any lines connecting the vertex m to any other
vertex implies a factorization of pm — m = (p — 1)m using only multiples of p;
since both p — 1 and m are relatively prime to p this is impossible. g

Corollary 27. (Attack of a Thousand Raisins) Let S = (ny, ..., ny) and let m € S and
m > 2. There exists a simplicial complex with a copy of Ay, and any number of finitely
many disconnected vertices.

Proof. By the Fundamental Theorem of Arithmetic we may always find, for m > 2
a prime p so that m = 1 modulo p. Then apply Theorem [26| as many times as
desired. 0

Theorem 28. (Glue the World) Let S = (uq,- - ,ux), T = (v1,- -+ ,v), and let m; € S
and my € T be relatively prime. Then, Ay, m, in the simplicial complex

mzs + mlT - <m2u1/ s, MU, MO, ,m1'0k>
is the disconnected union of Ay, in S and Ay, in T.

Proof. First we must show that mS + m;T is indeed minimally generated. Let
m = Zé‘zl ciu; and mp = Zle d;v;, and, without loss of generality, suppose
towards a contradiction we have a factorization

l
my Zaiui + mq Z bjv; = molj
i£] i=1
for some coefficients a;, b;, at least some of which are positive, and some u;. We
must have m, | Zle bju; and we may factor out my:

k
Zaiui +C Z Cillj = Uj (29)
i# i=1
for some constant C > 1. If ¢ = 0 then we have that (uy,- - - , 1) is not minimally
presented; hence ¢; > 1, and the left hand side of is strictly larger than the
right.

Now, since any relation between m; and the u; will hold between mym; and mau,,
and any relation between m;, and the v; will hold between mym and m1v;, Ay, m,
contains both a copy of Ay, in S and Ay, in T. It now suffices to show that these
two components are not connected. Suppose

k 4
mimy = My Z aju; + my Z b;v;
i=1 i=1



8 JACKSON AUTRY, PAIGE GRAVES, JESSIE LOUCKS, SAMUEL YIH

with at least one of the b; # 0. Using the same trick as before, we may factor out
my and write

k
myp = a;u; + mq c
i=1
with C > 1. So C =1 and 4; = O for all i. By an analogous argument starting
with at least one of the a; # 0, we have that no factorization of mjm;y exists using
both generators from m,S and m; T. ]

Example 30. In S; = (3,4,5). Ay is the unfilled triangle. To add a disconnected
line to this complex we may take Ajs in Sp = (7,8) and glue the semigroups
together:

S3 = 15571 + 135, = (45,60,75,91,104)

looking at Ajs.43 = A195. We may add a dot to the complex by taking A, in
S4 = (1) giving us:

S5 =253 + S4 = (90,120, 150, 182,208, 195)
looking at Azgp. Add one last dot using Ay in S5 = (1) to get
S¢ = 7S5 + S4 = (630,840, 1050, 1274, 1456, 1365, 390)

And Asgp.; = Apy3p in this last semigroup is the disconnected union of all the
components.

4. ON THE SUBJECT OF THE PSEUDO-FROBENTUS NUMBERS

Definition 31. (Pseudo-Frobenius Number) Let S be a numerical semigroup. We
say x ¢ S is a pseudo-Frobenius number if x +s € S for all s € S\{0}. We
denote the set of pseudo-Frobenius numbers as PF(S), and the type of S to be
the cardinality of PF(S).

From this definition it is obvious that the Frobenius number of S is also a pseudo-
Frobenius number.

Proposition 32. Let S = (ny,--- ,ng). Then, for m € S, Ay, is the (k — 1)-skeleton if
and only if m = s + Y5_, n; for some s € PF(S).

Proof. For each s € PF(S), we may subtract the sum of any k — 1 generators from
s+ Zle n; and remain in S by definition. And subtracting all the generators gives
us s which is not in S also by definition.

For the other direction, if A, is the (k — 1)-skeleton, then, since m — Zf# n;, are
in S for all j, but m — Zé‘:l n; ¢ S, we have that m — 22‘21 n; € PF(S). O

Corollary 33. Let S be a skeletal monoid. Then, the only pseudo-Frobenius number is
F(S).

Proof. This follows from Proposition [32|and Proposition 0
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5. ON THE SUBJECT OF STARS

Definition 34. (Stars) We say a simplicial complex A is a (k, £)-star if there is one
vertex v connected to k other vertices, and all ¢ dimensional facets with v as a
subset are in A, and no other connections exist.

Proposition 35. Let S = (a1ay,a1a3,a2a3) be a skeletal monoid. Then, Ng,aya5+ayay 1S
a 2-star.

Proof. Clearly at least aya3 is connected to the other vertices. We cannot have only
a connection between a1a; and a;a3 since this complex would then have nonzero
Euler characteristic and contradict Theorem [19 So it suffices to show that we do
not have the complete simplicial complex. This would imply there exists b; # 0
such that

a10a3 + araz = byayap 4+ byajaz + bzaras

We must have that a3 | b; > 0, so we may factor b; = bjaz where bj > 1. Then,
(a1 + 1)ay = biayap + boay + bzan
and we may factor by = bja, with b, > 1 by the same argument, giving us:
ap +1 = bjay + bhay + by > 2a; + bs
a contradiction. O

Proposition 36. Let S = (£, ..., a%> be a skeletal monoid. Then, A, p is the (k —1)-
oK

a
star centered at %

Proof. Since P is a multiple of each generator, P + % = ﬂz‘,%. + % for all a;, so % is
connected to every other vertex.

Now suppose towards a contradiction that

k
Y b 7)

i

prl_
Ak
with b]', b; # 0, for some j, I # k. a; divides the left of and hence divides b]-agj.
So a]-\b]- and we have b; > a;. Similarly, b; > ;. Hence

k
P
E blf>2P>P+£
ag

T4

a contradiction. O

Theorem 38. Let S = <£, e a£> be a skeletal monoid. Then, A,

p isthe (k—1,n)-
k i

+

star centered at %

Proof. Certainly we have all the n-dimensional facets with % as a vertex. Suppose
some other factorization existed, of the form:

p K p
P+—=Yb—
n +ﬂk Z lﬂi

i
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with n + 1 of the b; # by nonzero. Then, since 4; | % for all i # j, we have that
a; | b; for all i. So b; > a; for at least n + 1 coefficients; hence we have

k
P P
) bj— > (n+1)P >nP+ —
i aj; ay

a contradiction. O

6. ON THE SUBJECT OF PLASTERED MONOIDS

Proposition 39. For S = (nq,ny)
K(S;t)=1—t"m

Proof. Since the only simplicial complexes on two vertices with nonzero Euler
characteristic are the empty complex and the disconnected complex on two ver-
tices, it suffices to find all of the latter complexes. Given m € S, we know
m—mn; € S. And since m —n; —np, € S, we must have that n; | m —ny so
ny | m. Similarly ny | m. It follows nyny | m, so m = anyny for some natural num-
ber a. If a > 1 then we may factor m as ((a — 1)n1)n, + (n2)ny and the complex
would not be disconnected. Hence m = njny exactly; its Euler characteristic is
—1 and so
K(S;t)=1—¢mm

as claimed. O

Corollary 40. Let S = (nq,ny). Then, the only element in PF(S) is F(S).

Proof. Proposition 32]assures us that all the elements in PF(S) have the simplicial
complex of two disconnected vertices; the previous proposition shows that the
only such element is F(S). O

Definition 41. Let S be a non-skeletal numerical semigroup and suppose there
exists a numerical semigroup T and t € T so that S = aT + t(1) with a, t relatively
prime. Then we say that S is plastered.

In the case of three generators, let S be the unordered, non-skeletal, minimally
generated semigroup (11, 1y, n.) such that

ny =4f0a, ny=1=la, n.=xl1+yl
such that ¢, /, are relatively prime and a > 1. We say that S is plastered.

Proposition 42. Let S = (ny,ny, 1) be plastered. Then, Ny y,, is the unique simplicial
complex containing exactly the vertices ny and ny.

Proof. We know that A, ¢,, contains the vertices 71 and 1, and does not include
the edge n1n. Suppose toward contradiction that Ay 4,, also contains the vertex
1. Then €16ra = bny + cnp + dn, for b,c > 0 and d > 0. Observe that a divides
l14ra as well as bnq, cny; thus a must also divide dn,.. However, a does not divide
ny; else S would not be primitive. Thus a must divide d, so d = ea for some
e € N. Thus

U10ya = b(lya) + c(bpa) + ea(xly +yly) = (b+ex)(n1) + (c +ey)(n2),
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a contradiction, as it implies the edge niny. Thus Ay y,, does not contain the
vertex 1, and therefore is the simplicial complex containing exactly the vertices
nq and ny.

Now, suppose we could obtain the simplicial complex A, containing exactly
the vertices n, and n;, for i < 2. This can only be obtained if z = lem(ny, n;).
Now suppose z = lem(n,,n;) and ged(ny, n;) = k. Note that ged(k,a) = 1, else S
would not be primitive. Thus since k | n; = ¢;a, k | {;; so % = h for some h € N.
Then

z =l (xl1 +ylr)(lia) _ L&éla + y—giéza = xh(ny) + yh(ny).

k k k k
Thus A; contains the edge 7n171, and cannot be the simplicial complex contain-
ing exactly the vertices n. and n;, thus Ay y,, is the unique simplicial complex
containing exactly the vertices n; and . O

Lemma 43. (Pajemma Lemma) Let S = (n1,np, ns) be plastered. Then Agp, is the
unique simplicial complex with three vertices and the edge niny. Further, Agy, is the
only simplicial complex containing exactly three vertices and one edge.

Proof. Since an, = xnj + yny, n; and ny are connected. Now suppose we had
a factorization an, = kn, + mny, with k,m > 0. Through rearranging terms we
see a | (a — k)n,, a contradiction since a4 > a — k and gcd(a,n.) = 1. A similar
argument holds for 7n,; hence n, is disconnected from the other vertices.

Now suppose there exists an element z € S such that z = bny = cn, +dny and A,
contains exactly every vertex and the edge n,1,. Then bl1a = c(xt1 + yly) + dlsa.
Since a is relatively prime to n,, we know a | ¢; so ¢ = ea for some ¢ € IN. Col-
lecting terms we see bny = (ex)ny + (d + ey)ny, a contradiction since A, does not
contain the edge nyn,. Using a similar argument, we see that for x € S such
that x = bny = cn, + dny, Ay must contain the edge n11, a contradiction. Thus
neither A; nor Ay cannot be a simplicial complex with exactly three vertices and
one edge.

Suppose for g € S, q = bn. = cny +dny with b > 0, and A, is the simplicial
complex with exactly three vertices and the edge n11,. We see a | b, so b = ea for
some e € IN. Through rearranging terms we see ean, = ((e — 1)a)n, + xnj + yny.
Now if e > 1, this is a contradiction since A; does not contain the triangle n.n11;.
Soe=1and b = g; thus g = an,.

O

Definition 44. (<) Let S be a numerical semigroup. Define a partial ordering on
the integers a <gbifb—a € S. For T C Z, let

Maximals<,T = {t € T |Au € T,t <g u}

Proposition 45. (Rosales, Sanchez, [2|]) Let S be a numerical semigroup and n be a
nonzero element of S. Then,

PE(S) = {w —n | w € Maximals<sAp(S;n)}

® Prove "this can only be.."?
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Proposition 46. Let S = (any,any, n,) be plastered. Then, the only pseudo-Frobenius
number is F(S) and

F(S) =a(niny —ny —np) + (a — 1)n,

Proof. Consider the Apéry set of n, in (nq,1n;); these elements are the first in-
stances of i modulo 7, in (ny,ny) for 0 < i < n,. Since a is relatively prime to
1+, multiplication by a induces a permutation of these elements; hence the first
instances of i modulo 7, in S will be exactly aAp((ny, ny);ns). That is,

Ap(S; 1) = aAp((n,nz); ns)

By Corollary |40} the only pseudo-Frobenius number in a two generated monoid
is the Frobenius number. Therefore there is only one maximal element in the
Apéry set of (n1,ny). Since we are scaling our generators and our Apery set by a,
this still holds in Ap(S;n.). Hence we know there is only one pseudo-Frobenius
number in S which is maximal — the Frobenius number. g

Theorem 47. (Plastered Polynomial) Let S = (any,any, n.) be plastered. Then,
IC(S,’ t) =1— tan] ny _ tan* + tamanrﬂm

Proof. With three vertices, there are 5 possible simplicial complexes with non-
zero Euler characteristic: the empty face, two disconnected vertices, three dis-
connected vertices, a line and a disconnected vertex, and the unfilled triangle.
Three disconnected vertices gives the 1-skeleton, which is impossible since S is
plastered and not skeletal. Previous results in this section show that all the other
4 complexes arise exactly once; computing the Euler characteristics gives us

/C(S,'t) = 1 — MmNy _ gans  ganinytan,

7. ON THE SUBJECT OF GEOMETRIC SEQUENCES

Definition 48. Let a,b,p € N with a < b,gcd(a,b) = 1. Then {a?,a?~1b,...,b"}
is a geometric sequence and we define a numerical semigroup on a compound se-
quence to be (aP,aP~1b,...,bP), which we will abreviate as NSGS. Throughout
this section, we take a < b and the form above. It remains to be justified that this
is a numerical semigroup, but it is not difficult to do.

Proposition 49. Let S be geometric. Then the only pseudo-Frobenius number is F(S).

Proof. Corollary [40]assures us that the statement holds if S is two-generated. We
now induct on the embedding dimension of S. Suppose the statement holds for
all geometric monoids S = (nq,---,ng). Thenlet T = a(ny,--- ,ng) + np1(1)
where a € N is relatively prime with n;; € S. Consider the Apéry set of nyq
in S; these elements are the first instances of i modulo n; 1 in S for 0 < i < ny,4.
Since a is relatively prime to 11, multiplication by 4 induces a permutation of
these elements; hence the first instances of i modulo 7y, in S will be exactly
aAp(S; ngy1). That is,
Ap(T; ni11) = aAp(S; ngi1)

Since we know for S = (ny,---,ng) the only pseudo-Frobenius number is the
Frobenius number, there is only one maximal element in the Apéry set of 1y 1 in
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S. Since we are scaling our generators and our Apery set by a, this still holds in
Ap(T;ng,1). Hence we know there is only one pseudo-Frobenius number in T
which is maximal — the Frobenius number. O

The following is a generalization of Lemma 7 of [1]):

Lemma 50. Let S be a NSGS and m € S. Suppose m = cxad® 4+ cp_1ad b+ -+
cob* = dya* +di_1a" o+ - - dobk. Let j € {0,...,k}. Then,

(1) If forall i < j,c; =d; then c; =d; (mod a)

(2) If foralli > j,c; = d;, then ¢; = d; (mod b)

Proof. We prove (1), the proof for (2) is similar.
Let j € {0,...,k} and suppose for all i < j, c; = d;. Then

Y ca'b =Y did " (mod @/ T1) <= Y cia't* T = Y cia'b* ' (mod o/ 1)
i=0 i=0 i=j i=j
= cjajbk*j = d]-u]'bk*j (mod a/*!) «— cj=d; (mod a)

The following gives us a membership criterion for any NSGS.

Proposition 51. Let S be a NSGS and m € S. Then m can be uniquely expressed as
cxad® + ek —1a5 10+ - - 4 cob* with ¢y, ..., cp < b.

Proof. Let m € S. Then m = c;a¥b + c;_1a* b+ - - - + ¢ob* for some cy, ..., cp €
Z>. If for i > 0, ¢; < b, then m has such an expression. If not, let j be maximal
such that ¢; > b. Then using ba'b*~' = aa’~1p*~1*1 the appropriate number of
times, the coefficient of a'b*~7 is now less than b. Continuing in this fashion, we
can find a factorization such that all coefficients for a’b*~i, i > 0 are less than b.
Hence if m € S, such an expression exists.

Suppose m = cxd® + cp1a 10 + - - 4 cob* = dia + dp_1a* b + - - - + dob* with
foralli > 0, ¢;,d; < b. We prove c¢; = d; by strong induction on i.

By Lemma {50} ¢, = dj (mod b), hence ¢, = dy. Now suppose for all i > j for
some j, we have ¢; = d;. Then again by Lemma cj =d; (mod b), hence ¢; = d;.
Hence for all i > 0, ¢; = d;. Then we have

cxd 4 cj1d 0 4 -+ b = did* + d_1d 0+ -+ dobF
= " + 1@+ -+ bt = i 1@+ -+ dobt
— Cobk = dobk <= (o) = do

Hence for m € S, we can uniquely express m as cxa* + cx_1a"1b + - - - + cob* with
C1,-+-,Cp <Db. O

Proposition 52. Let S be a NSGS. Then x (M) = —1fori e {0,...,k—1}.
Proof. Observe fori e {0,--- ,k—1},

b. gt pk=i-1 — 5. giph—i — git1pk—i
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and
b. ai+lbk7i71 — (b _ a)aiJrlbkfifl + (a)ui+1bk7ifl
Continuing in this manner, we have
ai+1bk7i —q- aibkfi _ (b o a)aiJrlbkfifl + (b o a)ai+2bk7i+2 IS Clk

Hence the vertex corresponding to the generator a’b*~/ is disconnected and all
vertices corresponding to a’b*~¢, ¢ > i form a simplex. Now suppose towards a
contradiction that there is a factorization

k
al-‘rlbk—l — cha]bk—]
i=0

where for some j < i, Cj # 0. Then by Lemma@ ;=0 (mod a), so ¢cj > a. Then
c]-af V"7 > al TPk~ Since a/b*7J is strictly decreasing with respect to j, we have
c]-af b*=7 > ai*t1pk~i, a contradiction. Hence no faces that include a larger vertex
appear. The totally connected subcomponent has zero Euler characteristic; hence
including the last vertex yields x (A ipk—i+1) = —1. O

Using the above proof, we have the following corollary:

Corollary 53. Let S be a NSGS. Then A i1y only contains vertices less than or equal
to albk—.

Proposition 54. Let S be a NSGS and « € {1,...,a—1,a+1,...,b—1}. Then
X(Aauibk*i) = OfOT’ i€ {0, c. ,k}

Proof. We first prove that A, i,k contains no vertices larger than a'b*~.

Suppose aa'b~ = Z;‘:O cjaf b*~J. Let £ be minimal such that ¢, # 0. Suppose by

contradiction ¢ < i. Since we have a factorization, aa'b*—, by Lemma ¢j = 0
mod a). So a | ¢; and c,alb*t > a % abk*. Since a/b¥ T is strictly decreasing in

] l y g

terms of j, aa'th~! < axa’t*!, a contradiction. Hence ¢ > i and A, ipk-i doesn’t

contain any vertices larger than a'b*~'.

Now we prove that for 0 < a < a, A,k is the vertex a'b¥—.

Let 0 < & < g, then by Lemma ¢; = a. Then c;a'b"~" = aa'b*—*. Hence we only

have the one factorization, aa’b*—, and A waipk—i 18 the vertex albk—i.

Lastly we prove for a < & < b, A,iyr—i is the simplex including all vertices a/b*~/,

with j > i.
Let a < a < b. We can write aa’b* ' as
wa' b = (a — a)a' D"+ a % a'B = (0 — a)a' b + b xa TP

— (DC _ a)aibkfi + bai+1bk7i71

= (& — a)a'bF + (b — a)a T Lpki1 4 ggi 1k

= (a —a)dt" "+ (b—a)d T 4+ (b —a)d Bt + ba”

Hence A, i, is a simplex including all vertices a/b*=/, j > i.
In both cases x(A,,iyx-i) = 0. O
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The following corollary follows directly for 2 < & and i = 0, as such we omit
the proof.

Corollary 55. Let S be a NSGS and « € IN with « > a. Then Ay is the simplex
including all vertices

Proposition 56. Let S be a NSGS and fix i € {0,...,k}. Let m € S such that
Ay does not contain a/b*~7 with j < i. Denote s = a ™0~ + m. Then x(As) =
X(Bm) X (Bgisrpe-i) = =x (D).

Proof. First we prove that faces that contain vertices a/b*~/ with j < i do not ap-
pear in A, then the vertex a’b*~' is only connected to faces in Ay,.

Since A,, does not contain the vertex a/bX~/ for any j < i, we have a unique
expression m = } . ; c]-af b*=i by Proposition where ¢; < . Since a - a'bki is
the unique way of expressing a’*1b*~' as described in Proposition we have
that
m+ a1kt = chajbkfj +a-a'pF
1>

is the unique way of expressing m + a'*1b¥~ with coefficients less than b. Now
suppose towards a contradiction there was a factorization of m + a’*1p*~ us-
ing larger generators. Such a factorization must have coefficients larger than
b by unique factorization, and, for that generator, we may rewrite ba/b*~/ =
a-a/1pF71 and repeat as necessary to decrease the coefficient until it is less
than b, while raising the coefficient of the next generator. Repeating as such, we
arrive at a factorization

k
i+lpk—i _ k=i
m+a™'b —Z(:)c]ab
]:

where c1,..., ¢ < b with some ¢; # 0 for some j < i, violating Proposition
Hence in A there are no faces that contain a/b* 7 with j < i.

Now suppose we had a factorization of m + a*1b*~ using a’b*~, i.e. a factoriza-
tion

m+a T =Y b 4 bt (57)

j>i
with ¢; # 0. By Lemma a = ¢ (moda), ora | c,ie c¢; = ca Then,
rearranging terms,
m=Y cjab* 7+ (cia—a)a'tt’
j>i

Since m does not contain a'b*~ in any factorization, we must have that c; = a;
cancelling terms from gives that } ;- ; cjaf b= is a factorization of m. Hence
in Ag the only faces that were not in Aiv1pi-i are the vertex albk—1 connected to
the faces in Ay, in particular, each face in Ay,.

Ay is a subset of the simplex in A i1, containing vertices a/b¥~/ where j < i;
this subset, including the empty face, has zero Euler characteristic. The faces in
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Ay connected to the vertex a’b*~' are one dimension higher, and hence the sign is
flipped in the Euler characteristic. Therefore x(As) =0 — x(Am) = (—1)x(Am) =

X(Bgis1pe-i) X (D). D

Proposition 58. Let S be a NSGS, fixi € {0,...,k}, and let « € {1,...,a—1,a+
1,...,b—1}. Let m € S such that Ay, does not contain b1 with j < i. Denote
s = aa' b+ m. Then x(Bs) = x(Am) X (A yiv1ph—i) = 0.

Proof. First we prove that faces that contain vertices #/b*~/ with j < i do not ap-
pear in A, then the vertex a’b*~' is only connected to faces in Ay,.

Since A,, does not contain the vertex a/b¥~/ for any j < i, we have a unique
expression m = Zj>icjajbk’f by Proposition where ¢; < b. Since & < b, we
have that
m+ aaltt = Zc]-a/'bk*j + aa'bF
j>i

is the unique way of expressing m + a'*1b¥~# with coefficients less than b. Now
suppose towards a contradiction there was a factorization of m + a’*1p*~7 us-
ing larger generators. Such a factorization must have coefficients larger than
b by unique factorization, and, for that generator, we may rewrite ba/b*~/ =
a-a/~1p*7*+1 and repeat as necessary to decrease the coefficient until it is less
than b, while raising the coefficient of the next generator. Repeating as such, we
arrive at a factorization

k
m+ aa'bFt = ) cjafbk_]
i=0

where c1,..., ¢ < b with some ¢; # 0 for some j < i, violating Proposition
Hence in A there are no faces that contain a/b* 7 with j < i.

Now suppose 0 < & < a and that we had a factorization of m + aa'b*~" using
a'b*—1 i.e. a factorization

m+ aa' b= = chajbkfj + c;a' b (59)

j>i
with ¢; # 0. By Lemma a=c; (moda),ora| (¢c;—uw), ie c; =ac,+ . Then,
rearranging terms,
m=Y_"c;albt* 7 + (cja)a'bF~"
j>i

Since m does not contain a'b*~ in any factorization, we must have that cf =0
cancelling terms from gives that } ;- ; cjaf b*~] is a factorization of m. Hence in
As the only faces that were not in A, are the vertex a'b*~! connected to the faces
in Ay, in particular, each face in Aj;. The faces in Aj,; connected to the vertex

a'b*~' are one dimension higher, and hence the sign is flipped in the Euler char-
acteristic. Therefore x(As) = x(Am) — X(Am) =0 = 0x(Am) = x(Apuipe-i) X (D).
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If a < a <D, then Ay, is a subset of A ;;x which is a simplex that includes all
alb*=J, j > i. We also have not faces that use a larger vertex, so there are no new
faces. Hence x(As) = x (A ipe-i) = 0=0x(Am) = X (A ipk—i ) X (D). O

Theorem 60. Let S be a NSGS and m € S. Let m = cya* + cj_1a5 b+ - - - + cobk
be the unique factorization described in Proposition Then x(Ap) # 0 <= for each
i>0,c;,=00rc =a.
Proof. By Proposition we can write m = cpak + c,_1a*"1b 4 - - - + cob* with ¢j <
b for j > 0 uniquely. By Corollary [53and Propositions 56| and 58 we can rewrite
X(Bm) = X(AckakJrck,luk*ler---+cobk) = X(Afkﬂk+fk71ak*1b+---+c1abk*1)X(Acobk) ==
x(A & ) X(Ack,lak* b X(Acobk)‘ Then by Propositions [52| and [54{ and Corollary
it follows that x(Ay,) # 0 <= for eachi > 0,¢; = 0 or ¢; = a.
Theorem 61. Let S be a NSGS. Then

k-1

K(S:t) = 1—[(1 _ tai+1bk—i)

i=0
Proof. It follows from Theorem (60| that the only elements with nonzero Euler

characteristic will be those that are the sum of some distinct a't1bk~% with i €

{0,...,k —1}. Furthermore the Euler charcteristic of those elements is (—1)"
where m is the number of summands. Distributing Hé‘;ol(l — t“&lbkﬂ) gives ex-

actly that. 0

Disclaimer: I feel this section can be improved many times over.

Conjecture 62. We belicve this result can be generalized without too much work for
compound sequence numerical semigroups. Let S be a NSCS (detailed in [1]), then

i=1 i=1
8. ON THE SUBJECT OF AUGMENTED MONOIDS
Definition 63. Let S = (ny,-- -, ng) be a monoid. Then, we say
§' = (n1,-- g, E(S))

is the augmented monoid of S. If (ny,---,n) is a skeletal monoid, then we say
that §’ is an augmented skeletal monoid.

Proposition 64. Let S' = (ny,...,n, F(S)) be an augmented skeletal monoid and let
P =lcm(n;), and a; = P/n;. Then for 1 < m < k — 2, Ayp is the m-skeleton of S.

Proof. Assume mP — F(S) = YX_, ¢;n; + cpF(S). Suppose cr = 0. Then it follows

k

k
mP — (k—1)P + Z”i = Zcini
i=1 i=1

Through rearranging terms we see

(I—c)nj=(k—-1-—m)P

o

Il
-
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Clearly a; | (1 —¢;) and ¢; > 0. Note that if ¢; =0, then a; | 1. Thus 1 —¢; <0, a
contradiction, so cp > 1.

Now in our factorization we have the inequality mP — F(S) > cpF(S), which we
may rearrange as:
mP
< -1

TEES)
We know a; > 2, so 225-‘:1 n; < kP. Therefore, we know 2(k —1)P — 222‘:1 n; >
(2k —2)P — kP = (k—2)P. Since the m < k —2, we can rewrite this as mP <
_ _oyvk g i i mP _ __ mP_
2((k—1)P —2Y;_4 n;) which can be rewritten as K] = 0o 1)P Z, - < 2.

It follows that

p
1<cr < m “1<1

(k=1)P - E?:l ni
This is a contradiction. Therefore F(S) is not included in any factorization and
the simplicial complex is the same as it is in S, i.e. the m skeleton. g

Proposition 65. Let S’ = (ny,...,n, F(S)) be an augmented skeletal monoid, P =
lem(n;), and a; = P/n;. Then for 1 <m <k—2,F(S)+mP is shaded in S'.

Proof. Observe that
F(S)+mP =mP+ (k—1)P =) n;
:ma1n1—2ni—|—P—|—~~~—|—P
(k—1) times
= (may —1)ny + (ap — V)np + - - + (ag — 1)ng
0 Ap(s)4mp contains the k-simplex with vertices ny, ..., ng. Also, observe that
F(S)+mP=F(S)+P+---+P=F(S)+amn;+ - +amy

for m-many arbitrary n; € S. Thus Ap(s),,p contains every (m + 1)-simplex con-
taining the vertex F(S).

Now suppose Ap(syy,p contains some (m + 2)-simplex with the vertex F(S).
Then, without loss of generality,

F(S) +mP = F(S) +biny + - -+ + byt + by 1mm 1
with b; > 0, so
mP = byny + - -+ buhm + by 1M1

Then a; | b; > 0 for all i, so the right is at least (m + 1)P, a contradiction. Thus
Ap(s)4+mp cannot contain any (m + 2)-simplex with the vertex F(S); this suffices
to show that Ap(s),,p contains exactly the k-simplex with vertices ny, ..., n; and
every (m + 1)-simplex with the vertex F(S).

Now, note that for 0 < s < m + 1, we have every possible s-simplex; so the
number of s-simplexes in Ap(g),,p is ( D). For m +2 < t < k, we only have the
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t-simplexes that do not include F(S), so the number of t-simplexes is (];) Thus
m+1 k41 k -k
1 (3rsmr) = LU (T E 0i(]):
i=0 i=m+2
Now suppose x (A F(S) +mp) = 0. Using the Binomial Theorem, we have

o="L (T x ()

=0 i=m+2
S () B ()
—14 Y (- (lf)

i=0

Now by rearranging terms we have Zﬁo(—l)i(llf) = 1. It is known that

ifg(—l)f(’j) —com(f 1),

so now we have (—1)’"(";11

which is impossible.

) = 1. This equality only occurs when m =0 or k —1,

Thus, x (AF(5)+mP) # 0, and therefore F(S) + mP is shaded in S'. O

Proposition 66. Let S’ = (ny,...,n, F(S)) be an augmented skeletal monoid, P =
lem(n;), and a; = P/n;. Then x(Dqyp(s)) = —1.

Proof. Assume
k
2F(S) =) cini +cfF(S)
i=1

where c¢ # 0. Clearly c¢ cannot be greater than 2. If cf = 1, then F(S) = Z;‘:l cin;,
a contradiction. If ¢y = 2, then 25'(:1 c;in; = 0, and thus we have F(S) on its own.

We must consider the case where our skeletal monoid is two-generated and one
of our generators is 2 separately. The new augmented monoid would have the

form (2,m,m — 2). This however is not minimally generated and hence impossi-
ble.

Now we may suppose either k > 3 or 2 is not one of the a;. We show we have the
face composed of {n,...,n;} by factoring 2F(S) — Y5, n;. We see

k

2F(S) — ini = (2k—=2)P-3) n
i=1 i=1

If a; = 2 for some j, then P < 3n; < 2P. Hence we may group:
(P—37’l1)+(P—31’lz)+"'+(2P—3n]')+"'+(P—31’lk)+(k—3)P
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where each term is nonnegative so long as k > 3. n; divides the ith term in this
expression, so we have a factorization Zé‘zl cin; € S of the above.

If a; # 2 for all i, then we need only to group each generator with one P:
(P—3m)+ (P—3np)+---+(P—3n) + (k—2)P

where each term is nonnegative so long as k > 2. The same argument above gives
a factorization. O

Corollary 67. Let S’ = (ny,...,n, F(S)) be an augmented skeletal monoid, and a > 2.
Then x(Dap(sy) = 0.

Proof. By the above, Ajp(s) completely connects the original generators and has
F(S) as an isolated vertex. Adding on any more copies of F(S) will connect this
vertex to the rest of the complex, resulting in a totally connected complex with
Euler characteristic 0. 0

Proposition 68. Let S = (nq,--- ,ny, F(S)) be an augmented skeletal monoid. Then,
for any subset X € 21m it with 1 < |X| <k —1,

X(BE(s)5,exx) = (DX

Proof. Clearly, the vertices {F(S)} U X are completely connected; this subcompo-
nent, including the empty face, has Euler characteristic 0. Using Corollary [14} we
may rewrite:

S)+ Y x=(k—1)P— an+2x_ k—=1)P— Y y (69)

xeX xeX yeXe

where P is as before lem(n;). There are no connections between F(S) and any
generators in y = n; € X¢, since any such connection implies a factorization:

S)+ Y x—F( y—Zx—ny’cnﬁ—ch()

xeX xeX
First suppose ¢y = 0; that is, } ;e x x —y € S, and we have

Y x=) cini+(cj+1)n;

xeX i#j

Since aj must divide ci+1>0,we have that

Y x=) cinj+mP

xeX i#j
for some m. Now, at least one of the c; corresponding to a generator in x must
be 0, as else the right will be strictly bigger than the left; let this generator be
ny. Now, a, divides every term on the right and every term on the left but ny, a
contradiction. Hence suppose ¢y > 0 and again write

Zx—Zc n; + + (k=1)csP — an—Z(ci—l)ni—i—c]-nj—i—(k—l)cfp

xeX i#j i=1 i#]
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Hence,

Zi’li > Z(Ci — 1)Tli +cjnj + (k — 1)Cfp > Z(C,‘ — 1)?11' + (k - 1)P
i#] i#] i#]
where last inequality assumes the smallest values for ¢y and ¢, i.e. that ¢y =1
and ¢; = 0. Then,
Y (2—c)n; > (k—1)P
i#]
Since the c; are all nonnegative and 2n; < P with strict inequality for all but at
most one generator, the left quantity is at most }_;.; 2n; < (k — 1)P, another con-
tradiction. Finally, returning to and rearranging terms, we get the expression
FS)+ ) x=) (P-y)+(k-1-[XPP=} (P—y)+(IX|-1P
xeX yeXe© yeXe©
There are factorizations of this expression involving all y € X¢, since y | P — y.
For the remaining (|X| — 1) copies of P, we can use up to | X| — 1 other generators
in the factorization, letting us completely connect the vertices in X° to any subset
of |X| —1 or less generators in X. Counting these faces up (and excluding the
empty face, which has already been counted), we get:

|X|-1 )
X Brs)y ) = Y <1>l+l('¥')

i=0 !
We note that

o= E e () < ey (M) <o

i=0 ! i=0 !
which implies the result. O

Proposition 70. Let S = (nq,--- ,ny, F(S)) be an augmented skeletal monoid. Then,
for any subset X € 2{m i with 1 < |X| <k —1,

X(BoF(s) 4y cxx) = (1)l

Proof. Since Ayp(sy C Bop(s)+y, ., x» We have by Proposition [66[ that our complex
contains {1, ..., n}. By Proposition |68/ and similar argument we have the sim-
plex containing all ¥ € X, and each face in that simplex connected to each face
up to dimension |X| — 1 in the simplex containing the vertices from X. The ad-
ditional copy of F(S) allows us to connect F(S) to all such faces; we now claim
there are no other faces in Ayp(s) 4y x-

Suppose towards a contradiction that

2F(S)+ Y x= ) cy+ ) cxx+F(S)

xeX yeXe xeX

where at least \X | of the ¢y coefficients are nonzero. Then,

FS)+ ). =) cy+ ) cx

xeX  yeX‘ xeX
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which gives a factorization of F(S) + }_,cx using more than |X| — 1 faces from X,
a contradiction of the previous proposition.

Now, since we have the simplex containing all 7; (which has Euler characteristic
0), and the only other faces come from the connecting the generators in X to up
to |X| — 1 faces in X as well as to F(S), we are exactly adding one dimension
to each face from the previous proposition, thus reversing the sign of the Euler
characteristic. That is,

X(A2F(5)+Exexx) = —(_1)|X‘ = (—1)‘X|+1

as claimed. O

Conjecture 71. Let S’ = (ny,...,n, F(S)) be an augmented skeletal monoid with
P = lem(n;). Then, S has the following categories of shaded elements:

o mP, wherel <m < k-2,

e F(S)+mP, wherel <m <k-—2,

o 2F(S) 4 Lyex X, where X € 21mm} qnd 1 < |X| <k —1
and the elements 0 and 2F(S). In particular, S has 251 + 2k — 6 shaded elements.

Conjecture 72. Let S = (nq,ny,n3) be a numerical semigroup.
(1) If S is plastered and not skeletal, then S has one pseudo-Frobenius number and 4
shaded elements.
(2) If S is skeletal, then S has one pseudo-Frobenius number and 3 shaded elements.
(3) If S is neither, then S has two pseudo-Frobenius numbers and has 6 shaded ele-
ments.

Lemma 73. Let S’ = (nq,ny, F(S)) be an augmented skeletal monoid. Then there do
not exist any m € S so that Ay, contains only two disconnected vertices.

Proof. Without loss of generality, we must consider two cases: the case where the
vertices are 111 and 1y, and the case where the vertices are n; and F(S).

Consider the first case and let w = anyn, for some a > 1. Then w — F(S) =
ny(any —ny 4+ 1) 4+ ny € S'. This factorization implies Ay, has the line connecting
n1 and n,, a contradiction.

Now, we consider the second case and let m = anyF(S) for some a > 1. Then
m—ny — F(S) = anqy(nyny — ny — np) — ny — nyny + ny + np. Through rearranging
terms, it follows

m—ny — F(S) = ny(anyny —any —any —ny) +np € 8

This is a contradiction, because there is no edge connecting the vertices. Therefore
we cannot create the simplicial complex containing two vertices from S'. O

Lemma 74. Let S’ = (ny,ny, F(S)) be an augmented skeletal monoid, and take ¢ € S'.
Then if A, contains exactly the vertex n; and the edge {n;, F(S)}, £ = F(S) + n;.
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Proof. Without loss of generality, take ¢ € S’ such that ¢ = anp, = c1n7 + c2F(S)
and Ay contains exactly the vertex n, and the edge {11, F(S)}. Then
ciny + coF(S) = ciny + conyng — cong — canp = (¢ — c2)nq + (c2nq — €2)ny;
but since A, does not include the edge {17, ny}, it follows that ¢c; — ¢, < 0 and
thuscy > ¢ > 1.
Now suppose c; > 2. Then
C—ny—ny =ciny +caF(S) —ny —np
= T’ll(Cl - 1) JrCzF(S) — Ny
(c2 = 1)F(S) + (F(S) —n2) +n1(e1 — 1)

so { —ny —ny > F(S), and Ay contains the edge {ny,n,}, a contradiction. There-
fore c; =c1 =1,s0 ¢ = F(S) + n. O

Lemma 75. Let S = (ny,ny,F(S)) be an augmented skeletal monoid, and let m € S’
have the simplicial complex containing F(S) and the edge containing ny and ny.Then
m = AZF(S)'

Proof. We have that m = aF(S) = cyny + cnp for some a,c; > 1. Through rewrit-
ing terms, we see anjny = (a+c1)ny + (a+ cz)ny. It follows ny | a+c¢; > 0 and
ny | a+cy > 0, which implies a > 2.

Suppose a > 3. Then aF(S) — F(S) —ny > 2F(S) —ny; = F(S) + (F(S) —ny) >
F(S). Therefore aF(S) — F(S) —ny € S', so we have the edge containing F(S) and
n1, a contradiction. Hence a = 2, as desired. O

Lemma 76. Let S’ = (ny,ny, F(S)) be an augmented skeletal monoid, and let m € S’
have the unfilled triangle as its simplicial complex. Then m = 2F(S) +n; fori = 1 or
i=2.

Proof. Observe, without loss of generality, that m = cin7 + coF(S) for ¢1,¢cp > 1.
Suppose ¢; > 2,c2 > 3. Then

m—mny —ny — F(S) =(c1 — 1)n + (c2 — 3)F(S) +2F(S) — ny
=(c1 = Dny + (2 =3)F(S) + (12 — 2)n1 + (m1 — 3)n
=(c1 +ny—3)n1 + (co —3)F(S) + (n1 — 3)ny.
This implies m — (ny + np + F(S)) € S/, a contradiction. Thus¢; = 1and ¢; < 2.
Now suppose ¢; = 1. Then m = F(S) + ny, a contradiction by Lemma Thus
¢ = 2, and therefore m = 2F(S) + ny. O
Theorem 77. Let S' = (ny,ny, F(S)) be an augmented skeletal monoid. Then
1— tF(S)-H’ll _ tF(S)-‘rYlZ _ tZF(S) + t2F(S)+n1 + t2F(S)+n2
H(S;t) =
(1—#m)(1—m2)(1— tF(S))

Proof. By Propositions and Lemmas we have that
F(S) 4+ n;, 2F(S), 2F(S) + n;, for i = 1,2, are the only elements n € S such that
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X(An) # 0 besides 0. Specifically, X (Ap(s)4n;) = X(Ap(s)+n,) = X(Dap(s)) = —1
and X(Azp(s)4n,) = X(Bap(s)4n,) = X(8o) = 1. Thus
__ 4F(S)+ny _ 4F(S)+ny _ 42F(S) 2F(S)+n 2F(S)+n
H(S;t) = 1t 11—t 2t +t T+t 2
(1—tm)(1—tnm2)(1 — tE(9))

9. ON THE SUBJECT OF ARITHMETIC MONOIDS

Definition 78. We say a numerical monoid S = (ny,ny, n3) is arithmetic if S =
(k,k 4 a,k + 2a) such that gcd(k,a) = 1 and k is odd.

Proposition 79. Let S be an arithmetic monoid. Then

Ap(S;k) = {o,k+a,k+2a,2k+3a,2k+4a,..., (k;l) k+ (k- 1)a}.

Proof. Since k and a are relatively prime, 0,4,24, ..., (k — 1)a are all distinct mod-
ulo k. Thus we know Ap(S;k) contains all x € S such that x is the smallest
element in S where x = na (mod k) forn =0,...,k—1.

Take x € S such that x = na (mod k) for some n € {0,...,k—1}. Then x =
mk + na. Since x € S, we know that mk + na is at least 5 (k 4-2a). Therefore
m > 7. If n is even, the smallest x can be is 5k + na. If n is odd, the smallest x
can be is ”THk + na. Thus the smallest elements in S modulo na are of the form
5k + na for even n, and ”Tﬂk + na for odd n. Therefore

Ap(S;k) = {o,k+a,k+2a,2k+3a,2k+4a,..., (kgl> k4 (k- 1)a}.
O

Corollary 80. Let S be an arithmetic monoid. The only pseudo-Frobenius numbers of S

b A= (k;l) (k+2a) — (k+a)

and
k—1
Ay = (2) (k+2a) — k.
Further, F(S) = A,.
Proof. This follows from Proposition [79 and Proposition as the maximal el-

ements in Ap(S; k) with respect to <g are (%) (k 4 2a) and ("%) (k + 2a) —
a.

Proposition 81. Let S be an arithmetic monoid. Then A; + ny + n3, 2n; are shaded in
Sfori=1,2.
Proof. Note that by rearranging terms we have

M+n+n3= <k;3>k+(k—2)a+2k+2a: (lc—;l—ka) ny
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Y Sl
- 2 3 2.

Also note that Ay + 1y +n3 — (ny+np) = A +a=Ay ¢S, and Ay +ny +n3 —
(n1+mn3) = A & S. Thus Ay 4,4, contains exactly the vertex 71 and the edge
{112, 713}.

Similarly,
k-3

A +np+n3= (2)k+(k—l)a+2k+2a= <I<;_1> n3

k—1
= T—Hz ni +ny,

and Ay +ny+n3—(ng+m)=A—a=A1 ¢S,and Ay +ny +n3 — (nzg+ny) =
A2 & S. Thus Ay, 4, +n, contains exactly the vertex n3 and the edge {ny,n2}.

Now observe that 2n, = nq7 + ns3, and that 2n, — (1 +n3) = a ¢ S and 2n; —

(ny+n3) = —a ¢ S, so Ay, contains exactly the vertex n, and the edge {ny,n3}.
Now we have X (Ay,4n4n;) = X (Brytnytns) = X (Buy4ny) = —1. Therefore
A; + nq + nz and 2n, are shaded in S fori = 1,2. O

Corollary 82. Let S be an arithmetic monoid. Then A1 + Y_n; and Ay + Y n; are shaded
in S for 1 < i < 3. Further, if Ay, is the unfilled triangle for some m € S, then
m=A1+Y norAy+Y n;.

Proof. This follows from Proposition[32} as S has 3 generators. Thus x (Ay, 1y s,) =
X (Ar,4yn;) =1and Ay + Y n; are shaded in S for 1 <i < 3. O

Lemma 83. Let S = (n1,np,n3) be an arithmetic monoid. Then gcd(n;, nj) = 1.

Proof. Let x | k+ pa and x | k + ga for some x, where 0 < p < g < 2. Then
bx = k+qa and cx = k + pa, which may be written as bx = cx +a(q — p). We
seel < g—p <2 s0in the case g —p = 1, then x | a. Since x | a then x | pa.
If x | pa and x | k+ pa, then x | k, but since k and a are relatively prime, this
implies x=1. Now suppose § —p =2. Theng=2and p =0so x | kand x | 24, a
contradiction since k is odd by definition. Therefore n1, 1y, and n3 are relatively
prime for arithmetic monoids. U

Lemma 84. Let S be an arithmetic monoid. Then there do not exist any m € S such that
Ay, contains exactly two disconnected vertices.

Proof. Recall for arithmetic monoids, F(S) = (k_Tl) (k+2a) —k = 53k + (k—1)a
and 14, n, and n3 are relatively prime. Note that A, contains exactly the vertices
n; and n; only when m = lem(n;, n;). Now suppose m = (k + pa)(k + ga) where
0 < p < g < 2. Through rearranging terms we see m —n; —n; = (k —2)k +a(p +
q7)(k — 1) + pqa® > F(S) since this can be rewritten as *-1k +a(k — 1)(p +q —
1) 4+ pga® > 0. This is a contradiction as this implies there is an edge connecting
the two vertices. Therefore we cannot create the simplicial complex containing
two vertices from S. 0
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Lemma 85. Let S be an arithmetic monoid. Then for some m € S, if Ay, contains exactly
the vertex ny and the edge {n1,n3}, m = 2nj.

Proof. Consider m € S such that A, contains exactly the vertex n, and the edge
{ny1,n3}. Then m = cny for some ¢ € N. Ifc =1, thenm —ng = —a ¢ S,
a contradiction. If ¢ > 2, then cny = ny + ny + n3 + (¢ — 3)ny, a contradiction.
Thus ¢ = 2 and m = 2n;; therefore Ay, is the only simplicial complex containing

exactly the vertex n, and the edge {1, n3}.
O

Lemma 86. Let S be an arithmetic monoid. Then for some m € S, if Ay, contains exactly
the vertex ny and the edge {n,, n3}, m = Ay + ny + n3.

Proof. Consider m € S such that A, contains exactly the vertex n; and the edge
{ny,n3}. Then m = cyny = cony + c3ns for some ¢y, ¢, c3 € IN. We know

m—ny —ng = conp + c3nz — (g +n3) € S.
Rearranging terms, we have
cong + c3ng — (1 +n3) = (ca + 3 — 2)k + (c2 + 2c3 — 2)a.

If (cp+c3—2)k+ (c2+2c3—2)a ¢ S, itmustbe thatc, +¢c3—2 < % Thus,
by rearranging terms, we have c; < 2, so c; = 1. Now we have c1ny = np + c3n3,
so we have c1k = (c3 + 1)k + (23 + 1)a. This implies k | 2c5 + 1, s0 c3 = %L for
some d € IN. Since m —ny — n3 ¢ S, it follows that m — ny — n3 < F(S). So we

have (‘”‘2_1> (k+2a) — (k+a) < <k;1> (k—2a) —k.

This implies that (d — 1) (%) (k4 2a) < a, so since % > 1land k+2a > g, it
follows that d —1 < 0. Thus d < 1, meaning d = 1 since d € IN.

Now we have m = (k_Tl) (k+2a)+ (k+a) = ("_Tl) (k+2a) — (k+a)+2(k+
a) = Ay +nq +n3. Thus if Ay, contains exactly the vertex 17 and the edge {1, 13},
m = Ay +ny + na. O

Lemma 87. Let S be an arithmetic monoid. Then for some m € S, if Ay, contains exactly
the vertex nz and the edge {n1,ny}, m = Ay + nqy + ns.

Proof. Consider m € S such that A, contains exactly the vertex n3 and the edge
{n1,n2}. Then m = cynz = cony + c3ny for some ¢y, ¢, c3 € IN. We know

m—nq —ng = Cphy + c3ng — (1 +n3) = cong + (cp —2)ny € S.
It follows that ¢» < 2,50 c; = 1 since ¢, € IN.

Now we have that m = cyng = cong + ny; thus ¢y(k+2a) = ck+k+a, so
(c1 — 1)k + (2c1 — 1)a = cok. Thus k | 2¢; — 1, s0 c3 = %L for some d € N.

We know that since m — n; — ng ¢ S, it follows that m — n; — n3 < F(S). So we

have det1 k1
<2) (k+20) —2(k +a) < (2) (k- 2a) — k.
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Rearranging terms, we have dk < k,sod = 1. Thus c3 = HTl and m = (%) (k+

2a) = (k%l) (k+2a) —k+k+ (k+2a) = Ay + n1 + n3. Therefore if A;, contains
exactly the vertex n3 and the edge {ny, ny}, m = Ay + nqy + ns. O

Theorem 88 (The Theorem We Came Up With On the Seventh Day of August
(TTWCUWOSDA)). Let S be an arithmetic monoid. Then

1 — pmtna _ phitntng _ plotmtng o gt 4 prat

(1 _ tk)(l — tk+a>(1 _ tk+2a)
Proof. By Proposition [81} Lemmas and Corollary [82] we have that
Ai+ny+mn3, np+mn3 A+ Ymnj, fori =1,2and 1 < j < 3, are the only el-
ements n € S such that x(A,) # 0 besides 0. Specifically, x(Ax,4n,+n5) =

X(Baytnytns) = X(Bnytny) = =1, Xx(By,xny) = X(Br,xn)) =1, and x(Bo) = 1.
Thus

H(S; 1) =

1 — pmtna _ phitnitns _ plotmgtng o gt 4 prot
(1 _ tk)(l _ tk+a>(1 _ tk+2a)

H(S;t) =

10. ON THE SuBJECT OF OMO MONOIDS

Definition 89. We say a numerical monoid S = (ny,ny,n3) is omo if S = (k, k +
a, (m —1)k+ ma) such that ged(k,a) = land k = bm+pforb > 0and 0 < p < m.

Proposition 90. Let S be an omo monoid. Then

Ap(S;k) = { PM—l)

—‘k—i—nazogagk—l}
m

Proof. Since k and a are relatively prime, 0,4,24, ..., (k — 1)a are all distinct mod-
ulo k. Thus we know Ap(S;k) contains all x € S such that x is the smallest
element in S where x = na (mod k) forn =0,...,k— 1.

Take x € S such that x = na (mod k) for some n € {0,...,k—1}. Then x =
yk 4+ na. Since x € S, we know that yk +na > ((m — 1)k + ma); however,

yk + na may not be a direct multiple of (m — 1)k + ma; so y = ["(mTA)—‘ is the
n(mfl)—‘
m

element in S where x = na (mod k) for n =0,...,k — 1. Therefore

smallest possible y for all x = yk + na. Thus x = { k + na is the smallest

Ap(S;k) = {Fl(mm_l)—‘k—i—nazogagk—l}.

Proposition 91. Let S be an omo monoid. Then the maximals of Ap(S; k) are

(k—1—-b)k+ (k—1)a and (b(m—1))k+ (bm—1)a.

e maximals notation?
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Proof. Leta = (k—1—b)k+ (k—1)aand B = (b(m — 1))k + (bm —1)a.

Note that
[(k—l— —1" [bm—l 1)"
ot
=b(m—1) since m — 1 < m.

Thus [%—‘ k+(k—1-=pla= (b(m—1))k+ (bm—1)a = B.

Now take x € Ap(S; k) such that x > B. Then x = [%—‘lﬂ—na fork—p <
n<k-1. Thusn:(k—l—p)+d:bm—1+dfor1Sdgp.Then
bm—l—l—d

)—‘ k+ (bm—14d)a— (b(m—1))k— (bm —1)a

- |
{b _1) +d—1—dm-‘k+(bm—1+d)a—(b(m—l))k—(bm—l)a

=bm-1)+d—1-b(m—1))k+ (bm—1+d— (bm—1))a
= (d+1)k+da.
By our observation in Proposition (90, we know (d +1)k+da ¢ S, sinced —1 >

w if and only if d > m, which is untrue. Thus p = (b(m — 1))k + (bm —1)a
is a maximal in Ap(S;k).

Now observe [%1 k+ (k—1)a is the largest element of Ap(S;k) and is
thus a maximal. Also, we have

[(k—l)(m—l)w _ {(berP—l)(m—l)w

m m

 [otm1p-1-€=2]

m

=k—1-b sincep—1<m.

Thus [%] k+(k—1)a=(k—1—Dbk+ (k—1)a=a
Therefore, « and B are maximals in Ap(S;k). Since S has three generators,

Ap(S; k) cannot have more than two maximals; thus the only maximals in Ap(S; k)
are o and S. O

Corollary 92. Let S be an omo monoid. Then the only pseudo-Frobenius numbers of S
are
A= (b(m—1))k+ (bm —1)a—k
and
A =(k—=1-b)k+ (k—1)a—k
Further, F(S) = A,.

Proof. This follows from Proposition [45|and Proposition O
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Proposition 93. Let S be an omo monoid. Then mny, A1 +ny+nz, Ay +ny+ny, A;+
Ynjare shaded in S fori=1,2and 1 <j <3.

Proof. Note that mny, —ny —n3 = 0 € S, so the edge between the vertices n;
and n3 exists. Now suppose mny — (ny + ny) = mk + ma — 2k —a € S. Through
rearranging terms we see (m — 1)k +am — (k+a) = n3 — np € S. This is a contra-
diction since the semigroup is minimally generated. Thus there does not exist an
edge connecting the vertices 11 and 1. Now observe mny — (np +n3) = —a ¢ S.
Therefore A, contains exactly the vertex ny and the edge 1y, n13.

Recall that k = bm + p for 0 < p < m. Now observe that by rearranging terms we
have
MA+ny+ny=b(m—1)k+ (bm—1)a—k+k+a+ (m—1)k+ma
= (b+1)n3
= (k+a—(b+1)m + (m—p)ny
Notethat Ay +ny+n3—ny—nz=A1 ¢€Sand Ay +ny+n3—ny—nz3=A;1+a=

(b(m —1) — 1)k + bma ¢ S since b(m —1) —1 < W for all b,m. Thus
A\, +1y4n, contains exactly the vertex n3 and the edge {ny,n}.

Similarly, observe that
AMtn+np=(k-1-bk+(k—-1a—k+k+k+a
=(k+a—b)m
= (bm+p+a—Db)k = pny+bns
Note that Ay + 17 +np —np—npy = Ay ¢ Sand Ay +ny +np —np —ng = (k—
m—Db)k+ (k—m)a ¢ Ssincek—m—b < (k—m?ﬂﬁ for all possible k, m. Thus
Ay 40, +n, contains exactly the vertex n; and the edge 13, n3.

Now we have x (Amn,) = X (Baymysny) = X (Drytny4n,) = —1. Therefore
mny, Ay + ny + n3, Ay + nq + np are shaded in S fori =1, 2.
O

Corollary 94. Let S be an omo monoid. Then Ay + ) nj and Ay + ) n; are shaded in S
for1 < j <3. Further, if Ay, is the unfilled triangle for some m € S, then m = Ay + } . n;
or Ay + 3 n;.

Proof. This follows from Proposition as S has 3 generators; so Ay |y nj 18 the
unfilled triangle for i = 1,2 and 1 < j < 3. Thus Y (A/\H—Zni) =X (A)\2+Zni) =1
and A; + ynjis shaded in S fori = 1,2 and 1 < j < 3; and if Ay, is the unfilled
triangle for some m € S, then m = Ay + ) nj or Ay + }_n;. O

Lemma 95. Let S be an omo monoid. Then if Ay, contains exactly the vertex ny and the
edge {ny, n3} for some m € S, m = Ay + ny + ny.

Proof. Consider m € S such that A, contains exactly the vertex n; and the edge
{nz,n3}. Then m = cyny = cany + c3ng for some cq, ¢z, ¢35 € N. Since Ay, does not
contain the edge {17, ny}, it follows that m —ny —ny ¢ S. Thus m —ny —np <
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F(S), which implies c1n1 < Ay 4+ n1 + 1y, so cyny < (k+a — b)ny. This implies
¢1 =k+a—b—s, for some s > 0. Now observe that

ciny —np—ng = (k+a—b—s)k—(k+a)— ((m—1)k+ ma)
=(k—-b—s—mk+(k—-m—-1)aecS$

since A, contains the edge {n,n3}. Thus by our observation in the proof of
Proposition k—b—s—m> M, which implies k > bm + (sm + 1),

m
which is only possible if s = 0. Thus s = 0 and ¢; = k + a — b, which means that
m = Ay + ny + ny. Therefore, if A, contains exactly the vertex n; and the edge

{ny,n3} forsome m € S, m = Ay + ny + ny. O

Lemma 96. Let S be an omo monoid. Then if Ay, contains exactly the vertex ng and the
edge {nqy,ny} for somem € S, m = Ay + ny + n3.

Proof. Consider m € S such that A, contains exactly the vertex nz and the
edge {n1,n2}. Then m = cyny + cony = c3ng for some cq,¢,¢c3 € N. Suppose
c3 < b+1;thencz = b—d for some 0 < d < b—1. Now by rearranging terms
we have that cg —ny —ny = ((b—d)(m—1) —2)k+ ((b —d)m — 1)a € S since Ay,
contains the edge {n1,n,}. This implies that —1 > m, which is impossible. Thus
c3>b+1.

Now c3 = b+ 1+d for some d > 0. Thus cgng = (b+ 1)n3 +dng = A +ny +
n3 +dnz. Then c3ng —npy —n3 = Ay +dnz ¢ S since Ay, does not contain the edge
{ny,n3}. Recall that F(S) = Ay = (k—1—b)k+ (k—1)a—k and Ay = b(m —
1)k + (bm — 1)a — k. Thus F(S) — Ay = (p — 1)k — pa. Thus Ay +dnz < F(S) =
A1+ (p — 1)k + pa, which implies dnz < (p — 1)k + pa, which is impossible unless
d = 0. Now we have c3 = b+ 1, meaning m = (b+ 1)nz = Ay + np + ns.
Therefore if A, contains exactly the vertex n3 and the edge {n1,n,} for some
meS, m= A+ ny + ns. O

Lemma 97. Let S be an omo monoid. Then for some j € S, if Aj contains exactly the
vertex ny and the edge {n1,n3}, j = mny

Proof. Consider j € S such that A; contains exactly the vertex np and the edge
ny1,n3. Then j = ¢ny for some ¢ € IN. Now suppose ¢ < m, then it follows
through rearranging terms ¢k + fa — (m — 1)k —ma = (k+a)({ —m) < 0 ¢ S.
Thus ¢ > m. Now suppose ¢ > m, then through rearranging terms, ¢k + ¢a — k —
k—a—mk+k—ma= (k+a)(c—1-m)>0¢€S. Therefore, { = m, and if A;
contains exactly the vertex n, and the edge {1, n3}, then j = mny O

Lemma 98. Let S = (ny,np,n3) be an omo monoid. Then gcd(n;,n;) = 1.

Proof. We know by Lemma 83} gcd(k, k+a) = 1. Now let x | kand x | (m — 1)k +
ma. It follows x | ma, but gcd(k,a) = gcd(k,m) =1, so gcd(k, (m — 1)k + ma) = 1.
Now let x | k+a and x | (m — 1)k + ma. Through substituting and rearranging
terms, it follows cox = c1x(m — 1) +a. Thus, x | a and x | k 4 a. Since gcd(k,a) =
1, it follows gcd(k + a,(m — 1)k +ma) = 1. Thus ny, np, and n3 are relatively
prime for omo monoids. 0
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Lemma 99. Let S be an omo monoid. Then there does not exist any m € S such that Ay,
is the simplicial complex containing either exactly two or exactly three vertices.

Proof. By Theorem [21} since S is not skeletal. we know there cannot exist exactly
three vertices.

Recall Aj; can contain exactly the vertices n; and n; only when m = lem(n;, n;).
We know by Lemma [84} we cannot create the simplicial complex using n; and n5.
Now, note that
(k+a)[(m—1)k+ ma] > k[(m —1)k+ ma] > k+a
=F((kk+a))+k+k+acs$

Hence lem(nq,n3) and lem(ny, n3) must both have the edge connecting k and
k + a, and we cannot get two isolated vertices. g

Theorem 100. Let S be an omo monoid. Then
1 — gmn2 _ t/\2+11] +ny __ t/\] +npy+ng + t)\1+21’l]' + t/\2+27’l]'

(1 _ tk)(l _ tk+l)(1 _ t(m—l)k-‘rma)
Proof. By Proposition 93] Corollary 94} and Lemmas 97, 09, we have that
mny, Ay +ny+mny Ay +ny+mng, Aj+Ynj, fori =12and 1 < j < 3, are the
only elements n € S such that x(A,) # 0 besides 0. Specifically, x(Amun,) =

X(A/\2+T’l1+nz) = X(A)L1+ﬂ2+1’l3) = _1/ X(A/\l ):n,*)) = X(A/\Z):ni)) = 1/ and X(AO) =
1. It follows that

H(S;t) =

1 — pmn2 _ t?\2+n1+n2 _ t)\1+n2+n3 4 t?\1+2 nj + t/\z-l—an

H(S; t) = (1 _ tk)(l _ tk+1)(1 — t(mfl)“m“)

11. ON THE SUBJECT OF CONNECTED GLUING

In this section, the numerical semigroups are minimally generated by Lemma
unless noted otherwise.

Proposition 101. (Gluing Lines) Let S = (ny, - -- ,ny), and fix a vertex n;. Let m € S
with m —n; > 0. Let p € IN such that ged(p, m —n;) = 1 Then, Apy, in the semigroup

T = pS+ (m—mn)(1)
is the simplicial complex Ay, in S with an additional edge connecting m — n; and pn;.

Proof. Clearly the faces in Ay, in S are still in Ay, since we are just scaling each
generator and the element by p. Now, consider any new factorization of pm using
m — n;, of the form

k
pni+ p(m —n;) = pm =y pein; + co(m — n;)
i=1
Since ged(p, m — n;) = 1, we have that p | cp. Using ¢y = dp with d > 1 gives us

k
pni+ p(m—n;) =Y pen; +dp(m —n;)
i
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Subtracting p(m — n;) from both sides gives us

k
pni =Y cipni+ (d — 1)p(m —n;)
i=1

which implies the semigroup is not minimally generated if d > 2 or ¢; # 0 for
any j # i. Hence d = 1, and the only way to make the remaining quantity pn; is
using that generator; hence only pn; is connected to m — n;.

O

We now focus on attaching a vertex to an existing face in a simplicial complex,
X C{ny,...,nx}.

Definition 102. Let S = (n1,...,n;) be a numerical semigroup let A be a simpli-
cial complex with vertices as a subset of the generators. Then A is accepted if there
exists m € S with A, = A.

Lemma 103. Let S = (ny,...,ny) be a numerical semigroup and X C {ny,..., ni}. If
the simplex, 2X = A, is accepted, then m =), cx x is one such m where A, = A.

Proof. Denote § = Y.,cx x. Since 2% is accepted, for some m € S, m—g € S,
but for any generator n ¢ X, m —n ¢ S. Then denoting {n;,.. .,ni].} = X, we

have m = Z]l;:l cyni,. Ag has all faces in the simplex A. Now suppose towards a
contradiction that Ag has a face that A does not have. Then for some generator
n¢X,g—neS,som—n €S, a contradiction. O

Lemma 104. Let S = (ny,...,ng) be a numerical semigroup, X C {ny,...,ng}, and
the simplex 2% be accepted in S. Let s € S such that As = 2X. Then for any factorization
s = E?:l cing, if ny & X, then ¢; = 0.

Proof. Let s € S such that A; = 2X. Suppose towards a contradiction there is a
factorization s = Zé‘:l cin; and for some j,c; # 0 and n; ¢ X. Thens —n; € S and
nj is a vertex in Ag, a contradiction. O

Proposition 105. (Inflating Faces) Let S = (ny,...,ng) be a numerical semigroup,
meS, X C{ny,...,n}, and the simplex 2X be accepted in S, and denoting

b=m—) x

xeX
b € S\{0}. Let p € IN such that gcd(p,b) = 1. Then, Apy, in the semigroup
T = pS+0b(1)

is the simplicial complex Ay, in S with an additional vertex connected to only X.

Proof. Clearly the faces in Ay, in S are still in Ay, since we are just scaling each
generator and the element by p. Now, consider factorizations of pm using b, of
the form

k
Y px+pm—) x)=pm=)_ cipni+co(m— ) x)

xeX xeX i=1 xeX
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with ¢y > 0. Since ged(p,b) =1, p | co, using ¢y = dp, with d > 1 gives us

k
Y opx+pm—) x)= ;CiP”ierP(m— ). x)

xeX xeX xeX

Subtracting p(m — Y_,cx x) from both sides and canceling p gives us

k
Y ox=) cni+(d—-1)(m— ) x) (106)
xeX i=1 xeX
Since b € S and b > 0, then
k
m = Z X+ Zdini
xeX i=1
with at least one d; # 0. Using this in (106), we have
k k k
Yox=) e+ @d=1)(} dn) =) (ci+(d—1)di)n
xex  i=l i=1 i=1
By Lemma if n; ¢ X, then ¢; + (d —1)d; = 0. Since c;,d; > 0, we have
n; ¢ X = ¢; = 0. Hence there are no faces that connect b and vertices not in
X. O

The above can be seen as taking a simplicial complex and increasing the degree
of one face by one, or inflating it, motivating the following definition.

Definition 107. Let A be a simplicial complex. We define an inflation of a face f
in A to be the simplicial complex A’ where A’ has all the faces of A, as well as the
face f connected to a new vertex and every subset of that face.

Definition 108. (THICC) We call a simplicial complex a THICC if the simpli-
cial complex is connected, and if any maximal simplex is connected to at least
two other maximal simplexes, removing it causes the simplicial complex to be
disconnected.

Lemma 109. Any THICC can be made by repeated inflations on a point.

Proof. A THICC can be constructed by taking one of its maximal simplexes and
adjoining another at a smaller simplex and continuing this process. Then starting
at a point, inflating to the first simplex, then inflating a shared simplex, we can
build up to the THICC. O

Definition 110. (The Inflation Algorithm) We define the Inflation Algorithm for
THICCs A as follows: let v be the number of vertices in A. Then, let S; = (1),

Si=a;1S;_1+b;i_1(1)

-1 [i-1 i-1
= <Hﬂi, (H@) b, <Hﬂi> baby, - - - /bi1>
=1 \j=2 =3

where b; = m;_1 — Y xcx, , X, and X; is the set of generators corresponding to the
face we wish to inflate in the ith iteration, m; = a;_1m;_1, and a; > v is a distinct
prime so that m; — ) ,.cx, x € S;.

e Definition could be better

e Words are hard, need to know
more vocab
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Lemma 111. For every iteration of the inflation algorithm, b; € S;.

Proof. We proceed by induction on the number of iterations already completed.
For S; = (1), m; is prime and greater than the number of vertices in A. If there
is only one vertex in A, then there are no more iterations to be done. If there are
more vertices, then m; > 1, and since any X; = {1}, we have m; — Y, cx, x € S.
Now suppose for m; = H;;% mj, we have m; —} ,cx,x € S. Then in S;4y =
(ainy, ... an;niq), where nj 1 = m; — Y cx, x for some X; C {ny,...,nc}.

If ni11 € Xiy1, then denote X} | = {al, :x € Xj;1}. Then

miy1 — 2 X =4a; | m;— 2 X

x€Xi1 XEX1{+1

By inductive hypothesis, m; — ZXEX/'H x € S;,50a; (mi — erxgﬂ x) € Si1.
If nj11 € Xj;1, then the face that is being inflated was created in the previous

iteration; furthermore, denoting X ; = {% :x € Xji1,Xx # njg1}, we have

X! 1 € X;. Then we have
Mg — Yy, Xx=amy—a; Yy, x—ngq=ami—a; Y, X+ (4 —D)niq —ainig
x€Xi1 xEX;jrl xElejr]
=am;—a; ), x+(a;— g —ai(mi— ) x)
xeXy reX;

=a; [ Y x— ) x| +(a—Dnip

x€X; xeXl'

Since X' ; C X;, then Y cx, x — Exex,’.’ﬂ x > 0and is the sum of some {ny,...,n;},
SO a; (erxi X = Yexy, x) € Siy1, hence mi 1 — Yrex,,, ¥ € Sita. U

Lemma 112. Let S = (ny,...,ny) be a numerical semigroup made by the inflation
algorithm. Then for any X C {ny,...,ng}, Yrex X is uniquely factored.

Proof. We proceed by induction on the number of generators. For i = 1 and
S1 = (1), 0,1 are both uniquely factored in S;. Now suppose for S; = (n}, ..., n}),
for any X C {n},...,nl}, ¥ yex x is uniquely factored in S;. Then let ;i1 =
(n1,...,m;,ny1), and X C {ny,...,n;,n;1}, with ain; = n; for 1 <j <i. Since
m; — Yyex;, € Siyand njp = m; — Yex, x for some X; C {nf,...,n;}, we have

k
niy1 = Lima djnj. i njiq ¢ Xjiq, then
it1

Z X = Zlcji’l]
1=

x€Xip
implies ¢; 11 =0 (mod 4;). Denoting X' = {7 | x € Xis1} and d = C’%’_l, we have
i

i i j
Yox=) mitcnig =) ity dmi =) (cj+cdj)n;
xex’ =1 =1 =1 =1
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By the inductive hypothesis, this is uniquely factored, specifically if n; ¢ X' then
¢j+c'dj = 0. Since c;,d; > 0, then we have if n; ¢ X’ then ¢; = 0 Hence Y,cx,,, *
is also uniquely factored.

If nj1q € Xjy1, denote Xj, | = Xi1\{ni41}. Then if

i+1

Z X = Z X+n1= ZCjI’l]‘
x€Xii x€X 4 j=1

then ¢; =1 (mod 4;). so we have

i i j
2 X = Z cjnj + (civ1—D)njyq = 2 cinj + (cii1—1) 2 d]n;
=1 =1 =1

!
x€Xi

. -1
Denoting X" = {7 | x € X{ ;} and ¢’ = L we have

i
Y x=) (cj+cdpn;
xeX! j=1

By the inductive hypothesis, this is uniquely factored, specifically if n; ¢ X' then
¢j+c'dj = 0. Since c;,d; > 0, then we have if n; ¢ X’ then ¢; = 0 Hence \_,cx,,, *
is also uniquely factored.

Corollary 113. Every simplex of a numerical semigroup made by the inflation algorithm
is accepted.

Proof. Let S = (ny,...,ng) be a numerical semigroup made by the inflation algo-
rithm, and X C {ny,...,n;}. Denoting m = Y, cx x, by Lemma m is uniquely
factored, hence A, is the simplex 2X, O

Corollary 114. Numerical semigroups made by the inflation algorithm and any X C
{n1,...,ng} are valid for use in Proposition [105]

Proof. This follows directly from Corollary O

Theorem 115. For any arbitrary THICC, there exists a numerical semigroup S with
m € S, such that A, is the THICC.

Proof. By using the inflating algorithm, by Corollary [114 we can inflate any face,
hence by Lemma [109) we can build a numerical semigroup that has any THICC
as a simplicial complex. U

Proposition 116. (Gluing Holes) Let S = (n, ..., ny) be a numerical semigroup, m €
S, and the simplicial complex {D,{n;},{n;}} be accepted in S as Njc,,( hE Further,
suppose that

n;n

k
a=m~—lem(n;,nj) =Y bmy €S
(=1
is nonzero. Then, picking p relatively prime to m — lcm(ny,ny), Apy, in the semigroup
T =pS+a(l)

is the simplicial complex Ay, in S with an additional vertex with edges going to n; and
n;.
]



o I would skip down to “Let’s Just
Glue Everything" (it’s the most
general)
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Proof. Without loss of generality let the vertices be 11 and n,. It suffices to show
that the only factorizations of pm using m — lem(n1, 1) involve exactly either one
of pny or pny. Write:
k
pm = c(m —lem(ny, m2)) + Y cipn;
i=1
We have that p | c and so we write ¢ = dp:

k
dp(m —lem(ny, ny)) + Zcipni = p(m —lem(nq,nz)) + plem(ny, ny)
i=1
Dividing through by p and rearranging terms,

k k
(d—1)(m —lem(ny, n2)) + Y_ ey = Y _((d — 1)b; + ¢;)n; = lem(ny, np)
i=1 i=1
Since lem (17, 1) has factorizations only in terms of 17 or n,, we have that ¢; = 0
for all i # 1,2, and without loss of generality, (d —1)b; +¢; = 0. Since ¢; > 0, we
have ¢; = 0 and our factorization involves at most only m — lem(nq,1,) and pny;
setting d = 1 gives the factorization that uses both. The same argument switching
n1 and n; yields the other factorization. O

Proposition 117. (Gluing Holes 1) Let S = (ny,...,ny) be a numerical semigroup,
m € S, and the unfilled triangle with vertices n; ,n;,, n;, be accepted in S as Ay. Further,
suppose

k
a=m—{0=) bn €S
i=1
is nonzero. Then, picking p relatively prime to m — {, Apy, in the semigroup

T = pS+a(l)

is the simplicial complex Ay, in S with an additional vertex connected to every subset of
{ni,, miy, ni, } of size 2.

Proof. Without loss of generality let the vertices be 11,1y, n3. It suffices to show
that any factorization of pm using m — ¢ must use exactly two of {ny,ny,ns}.

Write:
k

pm =c(m—{)+ Zcipnl-
i=1

We have that p | ¢ and so let c = dp:

k

dp(m — )+ cipn; = p(m — ) + pl
i1

Dividing through by p and rearranging terms,

k k
(d— 1)(711 — E) + Zcini = Z((d — 1)171‘ + Cl‘)l’li =/
i=1 i=1
So ¢; = 0 for all i # 1,2,3, and without loss of generality (d —1)b; +¢1 = 0,
which implies ¢; = 0 and d = 1. Then we have that cpny 4 c3n3 = ¢, which gives
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us the factorization involving m — ¢, pny, and pn3. Similar arguments give the
other factorizations. O

Theorem 118. (Holebound) Let S = (ny,...,ny) be a numerical semigroup, m € S,
N < k. Suppose the N-skeleton with vertices n,, .. is accepted in S as Ay.
Further, let

s Mgy
k
a=m—{=) bn €S
i=1
have a factorization with b;,..., by, , # 0. Then, picking p relatively prime to m — ¢,
Apm in the semigroup
T = pS+a(l)

is the simplicial complex Ay, in S with an additional vertex connected to every subset of
{ni, ..., iy, } of size N.

Proof. The same argument used in the above two propositions generalizes to N
vertices. O

Definition 119. Let A be a simplicial complex and # be a vertex. We define the
deletion of vertex nin A to be del,(A) = {f : f € A,n & f}, and the link of vertex
nin A to be link, (A) = {f\{n}: fe A ne f}.

Theorem 120. (Let’s Just Glue Everything) Let A be a simplicial complex, and v; &
A. Suppose there exists a numerical semigroup S = (ny,...,ny) in which del, (A) is
accepted as m, link,, (A) is accepted as ¢, and

k
a:m—ézzbjnjes
j=1

is nonzero in S. Then, picking p relatively prime to m — £, Apy, in the semigroup
T =pS+a(l)
is A

Proof. Consider any factorization of pm using m — ¢

k
pm = c(m—{€)+ Y cjpn;
j=1
We have that p | ¢ and so write ¢ = dp:

k
p(m—10)+pl =pm=dp(m—1{)+ chpnj
j=1
Rearranging and dividing by p:
k k
(d — 1)(111 — 6) + 2 c]-n]- = Z((d — 1)17] + c]-)nj =/

j=1 j=1
So ;=20 for all {n]-} ¢ A; in particular, m — ¢ does not connect to any vertices
not in A. Further, setting d = 1 forces Z}‘Zl cinj = £, connecting m — £ to all the

maximal faces in Ay,;; by how the link and deletion are defined, this new complex
is exactly A. O

e This subsumes the previous
gluing results so just look at this
one!
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Theorem 121. (All Euler Characteristics Are Possible, and Our First Serious Title) For
every z € Z, there exists a numerical semigroup S and an m € S so that x(Ay) = z.

Proof. For z = 0, take any semigroup S = (ny,...,n;) and any m > F(S) +
Zi-‘zl n;. For any z < 0, take S to be a skeletal monoid with embedding dimen-
sion |z — 1|, and m be the least common multiple of the generators; this gives the
1-skeleton on |z — 1| vertices, with Euler characteristic z.

For z > 0, we may build the semigroup S inductively. Let Sy = (n1,n2); we
have that Ay, is the 1-skeleton and A, ;)2 has the line connecting them. Us-
ing Proposition pick p; relatively prime to n3 = nynp(niny —1), and Sy =
(p1m1, pina,n3). Then Ay ()2 18 the unfilled triangle with Euler characteris-
tic 1, and the two vertices {pny, pny} are still accepted as Ap,n,n,, as pnypny =
lem(pny, pny), and any factorization involving ns:

pining = pcing + peang + canyng(nyng — 1)

forces p | c3 and the right to be larger than the left. So we may repeat the process
as many times as the two vertices are still accepted, picking a prime p;_; larger
than all previous generators. Now, letting

i—1

Pi=]1p
j

I
—

and having the base case above, suppose that

P P
Si’l = <Pnn1/Pnn2/ ln3,” s - n3>
P1 Pn—1

still accepts the two vertices {Pyn1, Panp} as Pynyng, and Ap ()2 is 1 — 1 un-
filled triangles that share a base. In particular, X(Ap, (4,1,)2) = 7 — 1. It suffices

to show that the two vertices are still accepted in S, 1, as then we may glue on
another one-dimensional hole and increase the Euler characteristic by 1.

Consider any factorization of

Pn+1

n
Pyining = c1Pyiany + Pyyiny + ) ¢

n3

Since the p; are all relatively prime, any nonzero c; for i > 3 forces p; | ¢; > 0 and
hence the right is bigger than the left. And since n; and n, are relatively prime
(as Sp is primitive), we cannot use both in making their least common multiple,
completing the induction. Hence we may take x(Ap_, (4,n,)2) = Z in Sz41 to get
all positive Euler characteristics. O
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We now venture deeper into the realm of simplicial complexes, and discover
the following definitions that will aid us greatly.

Lemma 122. Let S = (ny,...ng) be a numerical semigroup, and m € S such that
n; € Ay Then link,, (Aw) = dely,(Am—n; ).

Proof. Let f be a maximal face in link,;(Ay,). Then n; ¢ f and f U {n;} € Ay. So
we have
m= Ecx,fx—i-cni = m-—n; = Zcxlfx—i-(c—l)ni
xef xef

c>1,andso f € Ay_y,. Hence f € dely, (Am—p,;) and link,, (Ay) C dely, (Ap—n,)-
Let f be a maximal face in dely, (Am—n;). Then n; ¢ f and m —n; = Yepcypi.
Therefore f U {n;} € Ay, and f € link,, (Ay,). Hence dely, (Ay—p;) C linky, (An).
Hence link;, (Ay,) = dely, (Ap—n,). O

Theorem 123. Let hy, ..., h; be a sequence of nonnegative integers. Then, there exists a
semigroup S and an element m € S so that Hj(Ay,) = h; for 0 < i < d.

Proof. We will first show it is possible to construct a simplicial complex having n
k-dimensional holes, with zero ¢-homology for k # /. proceeding inductively. Let
Sy = (ny,...,ng) be skeletal, with P = lem(ny,...,n,) as usual. Then, we have
that A(_q)p is the k — 1 skeleton, and AP? is the complete graph on k vertices.
Then, picking g; relatively prime to P2 — (k—1)P = (P — k + 1) P, we have by The-
orem that A, p> in Sp = (q1m1,...,q1ng, (P — k+ 1)P) has one k-dimensional
hole. Since g; is relatively prime to (P —k + 1)P, (P — k + 1) P cannot appear in
any factorization of p; P, and we have again p; P is the k — 1 skeleton, and we may
repeat the construction picking primes gq;_1 larger than all previous generators;
this gives the base case.

Now, let m = (P —k+1)P and let

and suppose that

Sn = <an1,an2,...,ank, fnm,... Qn m>

T ’ dn—-1
still accepts the k — 1-skeleton as Q, P, and AQn p2 has n — 1 k-dimensional holes.
Then, consider any factorization of

k n
Qui1
Quiitk—1)P =Y c;Quuni+ Y, &;~"m
i=1 i=k+1 i
Since the g; are all relatively prime, g; | d; for all valid i, since m > P any nonzero
d; makes the right larger than the left. The same contradiction arises if all ¢; > 0;
however setting ¢; = nEI for any k — 1 coefficients gives a valid factorization. Hence

the k — 1-skeleton is again accepted as P, ;1 (k — 1) P, completing the induction.
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So, starting with any skeletal monoid with embedding dimension k, we may take
AQ, 1P, In that semigroup to obtain a simplicial complex with n k-dimensional
holes. Py is uniquely determined by k relatively prime numbers, and P,; is
uniquely determined by 7 + 1 prime numbers. Hence, we may pick prime num-
bers so that Qj,, 4P; are pairwise relatively prime for 0 < i < d. Then, we may
use Theorem [28| to create a new semigroup taking the disconnected union of all
these complexes.

O

Theorem 124. All simplicial complexes on up to four vertices occur in some numerical
semigroup

Proof. We give an example of each simplicial complex on up to four vertices:

(30,42,70,105), m = 630

. Filled tetrahedron o
(2,3),m=6 (2,3),m=5 (6,10,15), m = 30

: 1 -

(30,42,70,105), m = 631 (1),m=1

(6,10,15), m = 60

AN

(6,7,8),m = 14

o 0

(10,15,16,24), m = 40

*—0

(42,70,105,26), m = 252

[

(42,70,105,50), m = 420

.

(42,70,105,61), m = 61

V.

(42,70,105,31), m = 427

X

(30,42,70,105), m = 450

(6,10,15), m = 61

A

(30,42,70,105), m = 210

(42,70,105,36), m = 252

I

(130,154,195, 231),m = 852

]

(42,70,105,20), m = 350

|

(42,70,105,51), m = 427

IS

(42,70,105,45), m = 427

K

Example 125. Consider the simplicial complex A:

N

(6,10,15), m = 36

[

(14,18,21,24),m = 42

I

(30,42,70,105), m = 240

N

(42,70,105,60), m = 420

V.

(30,42,70,105), m = 420

X

(42,70,105,46), m = 420

|4

(42,47,70,119), m = 567

X
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The deletion of the bottom right vertex is given by a line segment and an isolated
vertex, and the link is given by three isolated vertices. These complexes cannot
arise in the same semigroup of embedding dimension 3, since the link implies the
semigroup is skeletal, while the deletion implies it is not. However, even though
the link cannot be accepted whenever the deletion arises, we may still construct
A; in particular, Ao = Ain S = (42,50,70,105).

12. ON THE SUBJECT OF GRAPHS

Theorem 126. (Realization of Bipartite Graphs) Let Ky o denote the complete bipartite
graph from k to { vertices. There exists a numerical semigroup U such that K, is
accepted.

Proof. Let S = (ny,...,ny) be a skeletal monoid, with P = lem(#n;) and P/ny = 2.
Let T = (ml,...,ng> also be a skeletal monoid, with Q = lem(m;), Q/my = 2,
and ged(Q/m;, P/nj) = 1 for all (i,j) # (1,1). That is, let ged(P, Q) = 2. Then,
picking relatively prime scalars c1,c, > 2 which are also relatively prime to P and
Q, consider the glued semigroup

u= chs + Pc, T

and consider a factorization of Z C1 + PQcy:

P k /
7QC1 + PQcy = Z %cldini + Z Pcoeim;
i=1 i=1
Since 2 | Q, we must have that P | Zi«‘zl d;n;, which forces nE, | d; for each i, giving
us

PQ 3 :
— ¢ + PQcp = Z —cld + Z Pcyeym;
i=1

Since 2 | P we now must have that Q | Zz’:l e;m;, giving us, after dividing out by
PQ
2

k 4
01420 =) adi+ Y 2c¢; = Dey 4 2Ec,

i=1 i=1

where D = Z _diand E = Yy _, €. So we have
(D=1)c1+ (2E—=2)c; =0

If D = E = 1, this holds and furthermore, this is only a factorization using one
generator from each semigroup, implying an edge in the graph. Now suppose
without loss of generality E > 1. Then 2E—2 > 0 and D —1 < 0. Since all
summands of D are nonnegative, we have D = 0. Then we have

(2E—=2)e; = ¢4

Now ¢, | ¢1 a contradiction. So A PO is exactly K, j. O

c1+PQcy
Definition 127. (Simplicial Hypergraphs) Let kq,...,k, € IN, and let X; be a set
with k; vertices. We say the hypergraph Hy, i, is the simplicial complex whose

maximal faces are exactly the n-dimensional faces containing one element of each
X;.

e Hi Coneill!
please!

Fix this definition
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Theorem 128. (Realization of 3-Hypergraphs) Let kq,kp, k3 > 3. Then there exists a
numerical semigroup T so that Hy, , k., is accepted.

Proof. Let Sy = (ny,...,ng,), So = (my,...,my,), S3 = ({1,...,l,) be skeletal
with P = lem(n;), Q = lem(m;), and R = lem(¥;). Further, let ged(P, Q) = 2,
gcd(P,R) = 3, and ged(Q,R) = 1. Then, pick c1,¢3,¢3 > 3 pairwise relatively
prime and relatively prime to P, Q, R, and consider the glued semigroup

R PR P
T = Q7C2C3S1 + 7C1€352 + £C16283
6 3 2
Consider a factorization of QR Crc3 + Q c163 + Rclcz
k
PQOR R R L QR PR
% €203+ g c1c3+ g c10p = Z %626311 in; + Z 7C16381m1 + Z chc2fl 4

i=1
Since 3 | Rand 2 | Q, we have P | Zﬁl d;n; and so £ | d;. Hence,

POR R
% CpC3 + g 1 3—|— C1 2—2 POR CoC 3d,+z C1C3€1m1—|—z QC1C2fZ

since 6 | P and 3 | R, we have that Q | ¥, i 1 eim;, and, repeating the argument one
more time, R | Zi.% 1 fili- Now, we have

PQOR PQOR R POR POR PQOR
(62 €2e3 + g c1c3 + (22 12=D % cac3 +E (3? 01€3+F%C162
where D = Zl ,d; and E, F are defined similarly. Dividing through by P QR , we

et
® cyc3 + 2c1¢c3 + 3c1¢p = Deyes + 2Ecic3 + 3Fcqicp
(D - 1)C2C3 + <2E — 2)C1C3 + (3P — 3)C1C2 =0
It now sulffices to show D = E = F = 1. Suppose towards a contradiction that
E >1and F > 1; then we must have that D < 1, which implies D = 0. Hence,

coc3 = (2E —2)c1c3 + (BF — 3)c1c2

which implies ¢; | cac3, a contradiction. Now, if instead E > 1 and F = 0, then
we have

3c1c; = (D —1)cacs + (2E — 2)cacs
which implies ¢3 | 3cic, another contradiction. In particular, if any of D, E, F = 0,
we arrive at a similar contradiction. From the above E < 1, and we may repeat this
argument for D, F to show D, F < 1. Since each must be nonzero, D =E =F =1

as desired. O
Theorem 129. There is no numerical semigroup such that
n na
ns
ns ng

is accepted.
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Proof. Without loss of generality we may assume that S has exactly 5 generators,
since we may remove any generators that do are not in the complex above. If S is
no longer primitive, we may scale down both the element and the generators by
the greatest common divisor. Suppose towards a contradiction that

np np
nSX
ns ny

is accepted in S = (ny,ny, n3, ng, ns) as m. Then

m = ainy + apny = biny + bsns = canp + csns
= d3nz + dgny = e3nz +esns = fyng + fsns
We will prove a1 = by and by symmetry a; = c,d3 = e3 and dy = fi. Then we
will have ayny = bsns, ainy = csns, dgng = esns and dsns = fsns. Then suppose
without loss of generality bs < es. Then m = e3nz + esns = esng + (e5 — bs)ns +
apny, a contradiction, since that triangle is not in the simplicial complex. Thus
es = bs = f5 = ¢5. Then m = biny + bsns = bing + esns = byng +dang, a
contradiction as that edge is not in the simplicial complex.
We now stick to our word and prove a; = b;. Suppose towards a contradiction
that a; > by. Then
m = ajny + apny = byng + bsns <= (a1 — by)ny + axnp = bsns
If b5 < e5, we would have
m = (es — bs)ns + egng + (a7 — by)ny + axny
a contradiction since we do not have the triangle ny, 15, n3 in the simplicial com-
plex. Hence b5 > e5 and by symmetry bs > f5. Then
m = byny + bsns = ezns + esns <= byng + (bs — es)ns = ezns

If e3 < d3, we would have

m = (dz — e3)nz + dyng + byny + (bs — es5)ns
a contradiction, since we don’t have the triangle 1,14, 115 in the simplicial com-
plex. Hence e3 > d3. Then

(e3 —d3)nz + esns = dyny

and we have dy > f;. Note that ds = f; is valid. Now, since bs > f5, then

biny + (bs — f5)ns = fany
and we have f4 > dy4, a contradiction.
Now suppose that a; < by. Then

(by — a1)nq + bsns = any
and a, > ¢y. Then

ajny + (a2 — c2)ny = csns
and c5 > es, f5. Then

canp + (5 — es)ns = e3n3
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and ez > d3. Then
(e3 — d3)nz + esns = dynyg
and d4 > fi. Note that dy = f4 is valid. Now, since c¢5 > f5, then

oty + (¢5 — f5)n5 = fany

and f4 > d4, a contradiction. Hence a1 = b; as promised. O

13. ON THE SUBJECT OF DODGEBALL

Definition 130. (Dodgeball Labelling) Let G be a graph. We must assign each
vertex-edge pairing either a green line, a green hollow circle, or a green filled-in
circle, such that each vertex has exactly one green line. Further, we may assign
any number of blue lines to any number of vertex-edge pairings; such an assign-
ment is called a dodgeball labelling. Further, the dodgeball labelling given by no
green hollow circles is called the trivial labelling.

Let A;; be a simplicial complex who is a graph. For a vertex n;, we consider a
green line on a vertex-edge (n;, {n;,n;}) pairing corresponding to a factorization
m = a;n; + ajn; to denote that 4; is the largest coefficient of n; in any factorization
of m using n;. A green hollow circle coming out of a vertex edge (n;, {n;, n}),
with respect to a green line, denotes that the factorization m = b;n; + byny has
strictly smaller coefficient for n;, i.e. b; < a;.. A green filled-in circle is marked for
coefficients of factorizations that may be strictly smaller or may be equal to the
coefficient corresponding to the green line.

For a fixed vertex n;, the same number of blue lines on two vertex-edge pair-
ings with vertex n; indicates that the coefficient of #; in the two corresponding
factorizations are the same.

Theorem 131. With these conventions, we have the following implications for labelling:
(a) The first implies the second:

(b) These are invalid:

| @) (6] ‘ | @) [ ] ‘

(c) This is invalid:

|
@)

(d) The first implies the second:

©) ©)
[ ] @)

(e) The first implies the second
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(f) This is invalid:

e A labelling with all blue lines
that is not entirely made of 4-
cycles is impossible

(g) The first implies the second:

< K<
e g

(h) The first implies the second:

Proof. (a) The first figure implies there are factorizations:
m = ayiny + axny = byny + bynz = c1nq + cany
such that by < ¢; < ay. Further, we have factorizations involving n3:
m = d3nz + dsns = e3nz + eghg = fang + frnz
= g2nz + gang = hang + hany
Now, if by < d3, since
biny + bynz = dsns + dsns
biny = (d3 — b3)n3 + dsns
And we may substitute:
m = (ay — by)ny + apny + byny = (ay — by)ny + axny + (ds — bs)ng + dsns

giving us a factorization of m using strictly more than two vertices, a contra-
diction. A similar argument works to show b3 > e3, f3, and b3 > g3, h3, giving
us all the markings we desired.

(b) We have the factorizations:

m = ainy + a;n; = biny + bong = cony + cjn;
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for some unlabelled arbitrary n;,1;, and by < a; and by < c;. But together
these imply:
(co — bo)np + cjinj = biny
(ﬂl - bl)nl 4+ byny 4+ an; = (lll - bl)nl + (C2 - bz)?lz + Cinj +an;, =m

giving a factorization with four vertices if both circles are hollow, and with
three vertices if one is not; either is impossible.

(c) This is obviously impossible from how we have defined dodgeball.

(d) This implication is obvious from how we have defined dodgeball.

(e) Starting with the first figure, any placement of the green line on a vertex
without blue lines results in a contradiction, appealing to (a), (b), or (c).

(f) We begin with the factorizations

m = aynq + axny = byny + byng = cynq + c4hy

We know a1 = ¢1 and a; = by. It follows ajnq + ayny, = ajng + c4ny, and thus
apyny = c4ng. Similarly, apny + bsns = ajng + agny, so banz = ajng = ciny.
Therefore,
M = c1n1 + cqhg = bang + cany

a contradiction since there is no factorization containing ns and ny.

(g) For the vertex where the green circle is marked, placing the green line any-
where else results in a contradiction appealing to (a) and (c).

(h) We have the factorizations:

m = ainy + apxny = byny + byns = c3nz + cany

where without loss of generality we consider only one other vertex attached
to ns. If d3 > b3, then,

(d3 — b3)n3 +dsns = byny = axny
So we have
a1ny + (d3 — b3)ng +dsns = m

a factorization of m using three vertices, a contradiction. Hence b3 > d3, and
this holds for all other edges coming out of n3.
O

Proposition 132. If a graph has no valid dodgeball labelling, the graph is not accepted
by any semigroup.

Proof. We prove the contrapositive: if a graph is accepted by some semigroup,
then we may simply label the graph according to its factorizations in that semi-
group. U

Proposition 133. Let G be a graph accepted in S = (ny,...,ng) as m and n; € Ay,
Then dely,, (A is accepted in some semigroup

Proof. 1f dely,(An) does not disconnect any vertices, then for any factorization
of m that uses n;, the other generator is in another factorization. Hence (Ay,)
in S$'(ny,...,n;i_1,ny1,..., 1) has all the faces in (A,;) in S did except those
containting n;, i.e. (Ay) in S is del,, (Ap).



QUESTION 0.4 47

If dely, (A) disconnects vertices, let X be the set of those vertices. Then let
G’ = delyex(Am). Since each vertex in G’ is disconnected in dely,(A), then
deleting any of those does not disconnect vertices unless G = A, is a star with
n; as the central vertex. In that case we know both the star and deletion of #;
appear in skeletal monoids. If G is not a star, then by the previous argument, G’
is accepted. Then del,,(G') is accepted in some semigroup. Then using Corollary
glue on v vertices where v = |X|. This new simplicial complex is exactly
del,;, (A). O

Example 134. The diamond

is accepted in S = (50,70, 75,105,42) as 360.

REFERENCES

[1] Claire Kiers, Christopher O’Neill, and Vadim Ponomarenko, Numerical semigroups on compound
sequences, Comm. Algebra 44 (2016), no. 9, 3842-3852. MR 3503387

[2] J. C. Rosales and P. A. Garci a Sanchez, Numerical semigroups, Developments in Mathematics,
vol. 20, Springer, New York, 2009. MR 2549780



	1. Preliminaries
	2. On the Subject of Skeletal Monoids
	3. On the Subject of Gluing
	4. On the Subject of the Pseudo-Frobenius Numbers
	5. On the Subject of Stars
	6. On the subject of Plastered Monoids
	7. On the Subject of Geometric Sequences
	8. On the Subject of Augmented Monoids
	9. On the Subject of Arithmetic Monoids
	10. On the Subject of Omo Monoids
	11. On the Subject of Connected Gluing
	12. On the Subject of Graphs
	13. On the Subject of Dodgeball
	References

