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Wolstenholme’s Congruence for Lucas sequences

The recent paper [1] in this Monthly showed that
∑p−1

k=1
1
F2
k
≡ 0 (mod Fp) for

any odd prime p, a variation of a well-known result of Wolstenholme. Below
we show a similar result involving both Fibonacci numbers and Lucas numbers.
Recall that the Lucas sequence Ln has the same recursive relationship as the
Fibonacci sequence, but with different starting values, namely L1 = 1, L2 = 3.
Here the statement a/b ≡ 0 (mod n) means that gcd(b, n) = 1 and a ≡ 0
(mod n).

Theorem. If p is an odd prime, then
∑p−1

k=1
1
L2
k
≡ 0 (mod Fp).

Proof. We rewrite the sum as follows:

p−1∑
k=1

1

L2
k

=

p−1
2∑

k=1

(
1

L2
k

+
1

L2
p−k

)
=

p−1
2∑

k=1

L2
k + L2

p−k

L2
kL

2
p−k

.

It suffices to show that each term of this sum is congruent to 0 (mod Fp).
Let 1 ≤ k ≤ p−1

2
. We first show that each denominator is coprime to Fp. Since

p is an odd prime, we have that gcd(2k, p) = 1. By strong divisibility of the Fi-
bonacci sequence, we get gcd(F2k, Fp) = F1 = 1. Applying the identity F2k =
FkLk then yields gcd(Lk, Fp) = 1; hence gcd(L2

kL
2
p−k, Fp) = 1 as required.

We now show that L2
k + L2

p−k ≡ 0 (mod Fp). Applying the identity Ln =
Fn+1 + Fn−1 gives

L2
k + L2

p−k = (Fk+1 + Fk−1)
2 + (Fp−k−1 + Fp−k+1)

2

= (F 2
k+1 + F 2

p−(k+1)) + (F 2
k−1 + F 2

p−(k−1))

+ 2(Fk+1Fk−1 + Fp−k−1Fp−k+1).

(1)

Applying Cassini’s identity, Fn−1Fn+1 = (−1)n + F 2
n , to the final term

gives

Fk+1Fk−1 + Fp−k−1Fp−k+1 = (F 2
k + F 2

p−k) + ((−1)k + (−1)p−k). (2)

Since p is odd, it follows from Catalan’s identity that F 2
n + F 2

p−n = FpFp−2n

for all n ∈ N. This implies that the first two terms of (1), as well as the first term
of the right-hand side of (2), are congruent to 0 (mod Fp). Therefore L2

k +
L2

p−k ≡ 2((−1)k + (−1)p−k) ≡ 2(−1)k(1 + (−1)p) = 0 (mod Fp).
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