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1 Robert Gilmer and Int(E, D)
It is fitting in a volume dedicated to Robert Gilmer’s work in commutative
algebra that special mention be made of his contributions to the theory of
integer-valued polynomials. To remind the reader, if D is an integral domain
with quotient field K and E ⊆ D a subset of D, then let
Int(E, D) = {f (X) ∈ K[X] | f (a) ∈ D for every a ∈ E}
denote the ring of integer-valued polynomials on D with respect to the subset E (for ease of notation, if E = D, then set Int(D, D) = Int(D)). Gilmer’s
work in this area (with the assistance of various co-authors) was truly groundbreaking and led to numerous extensions and generalizations by authors such
as J. L. Chabert, P. J. Cahen, D. McQuillan and A. Loper. In this paper,
we will review Gilmer’s papers dedicated to this subject. We close with an
elementary analysis of polynomial closure in integral domains, a topic which
Gilmer motivated with a characterization of which subsets S of Z define the
ring Int(Z) in [18]. Before proceeding, please note that we use Q to represent
the rationals, Z the integers, N the natural numbers and P the primes in Z.
It is clear that Gilmer’s interest in the rings Int(E, D) was motivated
by his early work on multiplicative ideal theory and the theory of Prüfer
domains. In particular, there was a problem open in the early 60’s regarding
the number of required generators for a finitely generated ideal of a Prüfer
domain. It was at the time well known in the Noetherian case (i.e., for a
Dedekind domain) that every ideal could be generated by two elements, one
of which could be chosen to be an arbitrary non-zero element of the ideal.
∗
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Whether or not this property extended to the finitely generated ideals of a
Prüfer domain (the non-Noetherian case) was the subject of much inquiry
for over two decades. Evidence of this work, often determining cases where
the property held, can be found in a 1970 paper of Gilmer and Heinzer [20].
There was much work on this problem during the subsequent years. Notable
results were those by Sally and Vasconcelos [42] where it was established that
for a one-dimensional Prüfer domain, every finitely generated ideal could be
generated by two elements, with one chosen arbitrarily. Later, Heitman and
Levy [27] gave an example of a Prüfer domain where the finitely generated
ideals were 2-generated, yet one generator could not be chosen arbitrarily.
About the same time, Heitman [26] extended the Sally and Vasconcelos results
by showing in an n-dimensional Prüfer domain every finitely generated ideal
could be generated by n + 1 elements. Schulting [43] gave the first example of
an invertible ideal in a Prüfer domain which required more than 2-generators.
Finally, Swan [44] provided a construction for each positive integer n > 1
of a Prüfer domain of dimension n which contains a finitely generated ideal
requiring n+1 generators. In the examples just mentioned, the Prüfer domains
are described as intersections of valuation domains and the reasoning used
involved geometric techniques beyond those of basic commutative ideal theory.
Hence, even after the basic question of generators of finitely generated ideals
in Prüfer domains was answered, there were two very general problems of
interest to ideal theorists. These were described in the recent work “NonNoetherian Commutative Ring Theory” [13] [14] and formulated based on
work in a paper of Loper [33] as follows:
(A) [14, Problem 76] Let K be a field, and let {Vi } be a set of valuation
domains all of which have quotient fields equal
T to K. Give necessary and
sufficient conditions on the set {Vi }, so that Vi is a Prüfer domain with
quotient field K.
(B) [14, Problem 77] The proof of Swan’s result cited above [44] uses tools
outside ring theory. Give a construction which yields, for each positive
integer n, a Prüfer domain containing a finitely generated ideal requiring
n generators, such that the proof of the necessity of n generators can
be carried out using elementary ring theoretical techniques without any
reliance on geometry.
During the same period that the above work was taking place, considerable work was in progress on rings of integer-valued polynomials. Notable
in this regard were the works of Brizolis, Cahen, Chabert and McQuillan. A
good general reference for these works can be found in [5]. In particular, it
was established in the late 70’s that Int(Z) is a two-dimensional Prüfer domain (for example, see [1]). In particular, in light of the Schulting example
and Problem (B) described above, the question arose as to whether or not
the simple domain Int(Z) might represent an example of a Prüfer domain
where the finitely generated ideals were not two-generated. Gilmer and Smith
considered this problem which resulted in two publications, [23] and [24]. In
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the first publication, they established the following Theorem (an ideal I in
Int(Z) is called unitary if I ∩ Z 6= 0).
Theorem 1.1 (Gilmer-Smith [23]). Int(Z) has the two-generator property
on finitely generated ideals. Moreover, if I is a finitely generated unitary ideal
of Int(Z) and 0 6= n ∈ I ∩ Z, then there exists f (X) ∈ I such that I =
(n, f (X)).
The main technique in the proof of Theorem 1.1 considers the periodic
behavior of the sequence of ideals
I(0) + nZ, I(1) + nZ, I(2) + nZ, . . .
where n is a positive integer, I a finitely generated unitary ideal of Int(Z) and
I(a) = {f (a)|f ∈ I}.
This result was extended to Int(E, D) where D is a Dedekind domain with
finite residue fields and E is a “D-fractional” subset of K (i.e., there exists a
d ∈ D such that dE ⊆ D) by McQuillan [34, Theorem 5.5] (see also [7]).
Although the above Theorem answered the question regarding the existence of two generators for every finitely generated ideal of Int(Z), it left open
the additional question about the arbitrary choice of one of the two generators.
The common terminology used is an ideal I is called strongly two-generated
if it can be generated by two elements and the first of the two generators
can be chosen at random from the nonzero elements of I. A ring where every
finitely generated ideal is strongly two-generated is said to have the strong
two-generator property. Finally, an element α of a domain R which can be
chosen as one of two generators for every two-generated ideal I in which it is
contained is called a strong two-generator of R. We note a result of Lantz and
Martin [28] yields that the set of strongly two-generated ideals of R forms a
subgroup of the set of invertible ideals of R. Hence, we set G2 to be the subgroup of the class group G of R which is given by the strongly two-generated
ideals.
Using the above terminology, Gilmer-Smith established in Theorem 1.1
that every integer n 6= 0 is a strong two-generator in Int(Z). However, in a
subsequent paper [24], they established that Int(Z) did not have the strong
two-generator property. In that paper the following results were established
on the presence of elements that were not strong two-generators as well as
a description of some elements other than 0 6= n ∈ Z which were strong
two-generators.
Theorem 1.2. [24] For Int(Z),
√
1. If d is a square free integer and the class group of Q( d) is not an elementary abelian 2-group, then X 2 − d is not a strong two-generator of
Int(Z).
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2. For an odd prime p, the ideal (p, X) is not a strongly two-generated ideal
of Int(Z).
3. If n and a are non-zero elements of Z, and b, c elements of Z with c ≥ 0,
then every element of the form n(aX + b)c is a strong two-generator of
Int(Z).
Hence, it was established in Int(Z) that G2 ( G (i.e., Int(Z) does not
have the strong two-generator property). We outline the main tool used in
the proof of Theorem 1.2. Let f (X) ∈ Int(Z) be an irreducible polynomial in
Q[X] with root θ. Set K = Q(θ) and define the map
ϕ : Int(Z) → Q(θ)
by
g(X) 7→ g(θ).
Now, if
f˜ = Ker(ϕ) = f (X)Q[X] ∩ Int(Z),
then

Int(Z)/f˜ ∼
= {g(θ) | g(X) ∈ Int(Z)}.

Set J(f ) = Int(Z)/f˜. J(f ) is the homomorphic image of a Prüfer domain
and is hence integrally closed. Clearly J(f ) ⊆ Q(θ) and since Z ⊆ J(f ), we
have that Z∗ ⊆ J(f ) where Z∗ is the ring of integers of Q(θ) over Z. J(f ) is
an overring of Z∗ and is thus itself a Dedekind domain. Thus, we have a set
S = {pα }α∈A of prime ideals of Z∗ so that
\
J(f ) =
Z∗pα .
pα ∈S

In [24], the authors argue that a nonzero f ∈ Int(Z) is a strong two-generator
in Int(Z) if and only if J(f ) is a principal ideal domain. These ideas were
extended in a subsequent paper by McQuillan [37].
It remains open to determine the following:
1. Does there exist a non-principal ideal of Int(Z) which is strongly twogenerated?
2. A characterization of all the strong two-generators of Int(Z).
Recalling that Int(Z) = Int(Z, Z), we summarize the above problems in
the context of a general domain D and non-empty subset E ⊆ D. Let R =
Int(E, D), G be the class group of R and G2 the subgroup of G represented
by the strongly two-generated ideals of R.
General Problems:
1. For a given R, describe G and G2 (or G/G2 ).
2. Describe the strong two-generators of R.
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3. Determine those R for which G2 = G (that is, R is strongly twogenerated).
We note some additional work of Gilmer in this direction. In [22], GilmerHenizer-Lantz-Smith determined the structure of G for Int(Z) as a free abelian
group on a countably infinite basis. Additional descriptions of G can be found
in [5, Chapter VIII].
Less is known about the subgroup G2 , in particular the strongly twogenerated ideals. For the general case Int(E, D), we note that the situation
where E is a finite set is very special. A simple description of the domain
Int(E, D) where | E |< ∞ was given by McQuillan [35]. Using this characterization of Int(E, D), Chapman-Loper-Smith were able to establish the
following in [15] and [16].
Theorem 1.3. Let D be an integral domain and E = {e1 , . . . , ek } a finite
nonempty subset of D. Then Int(E, D) has the strong two-generator property
if and only if D is a Bezout domain.
Theorem 1.4. If D is a Dedekind domain which is not a principal ideal domain and E = {e1 , . . . , ek } is a finite nonempty subset of D, then f (X) is a
strong two-generator in Int(E, D) if and only if f (ei ) 6= 0 for every 1 ≤ i ≤ k.
Theorem 1.3 is of interest, since there is no example in the literature of the
form R = Int(E, D) with the strong two-generator property where the Jacobson radical of R is zero (for other examples of rings of form Int(E, D) with the
strong two-generator property, see Rush [41] or Brewer and Klingler [2] [3]).
In light of Theorem 1.3, the current authors are unaware of a domain of the
form Int(E, D) with zero Jacobson radical with the strong two-generator property where E is infinite. Additional information on the strong two-generator
property in Int(E, D) can be found in [5, Chapter VIII].
We briefly mention two other papers of Gilmer on integer-valued polynomials. Following the early observation that Int(Z) was a Prüfer domain, a
basic question was raised.
Question: What are necessary and sufficient conditions on a domain D in
order that Int(D) be a Prüfer domain?
A necessary condition is that D be an almost Dedekind domain with finite
residue fields. In the Noetherian case (for instance when D is a Dedekind
domain with finite residue fields) then this condition is also sufficient. In [19]
Gilmer considered two related questions:
Q1 If Int(D) is Prüfer, must D be Noetherian?
Q2 Does D almost Dedekind with finite residue fields imply Int(D) is Prüfer?
Exploiting previous work (some joint work with others) Gilmer provides constructions yielding a negative answer to both questions. Additional work on
this problem was done by Chabert [7] [8] [9] and Loper [29] [30] [31] and
necessary and sufficient conditions were finally given by Loper in [32].
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In [21], Gilmer-Heinzer-Lantz discuss the Noetherian properties in the ring
Int(D) and in the prime spectrum of Int(D). A summary of the results of that
work and of subsequent work can be found in [5, Chapter VI].
Finally, there are two other papers of Gilmer regarding a different aspect
of study for integer-valued polynomials. In [23], the authors give an argument
that if E is a subset of Z that includes all except a finite number of positive
integers, then f (a) ∈ Z for all a in E implies f (b) ∈ Z for all b ∈ Z. That is,
Int(E, Z) = Int(Z). A question was raised as to exactly what subsets E of Z
have this property. Gilmer answered this question in [18], both for Z and also
in the setting of a Dedekind domain D with finite residue fields. McQuillan
[36] extended the Gilmer result describing when Int(E1 , D) = Int(E2 , D) in
terms of the closures of E1 and E2 in the p-adic completions of D. Gilmer’s
description was more in terms of basic number theory (especially in the case
D = Z) and is described as follows in terms of Z (where the extension to the
Dedekind case is straight forward). We require a definition.
Definition 1.5. For E ⊆ Z and a prime power pk where k ≥ 1,
E mod pk = {x + (pk ) | x ∈ E}.
Although basically established in [18], the following result is stated in a later
Gilmer-Smith paper [25, Theorem 2.2].
Theorem 1.6. Let E1 and E2 be nonempty subsets of Z. Then Int(E1 , Z) =
Int(E2 , Z) if and only if E1 mod pk = E2 mod pk for every prime p and every
integer k ≥ 1.
The terminology now used for the property Int(E1 , D) = Int(E2 , D) is
that E1 and E2 are polynomially equivalent. Additional work on the notion of
polynomial equivlance can be found in [5, Chapter IV].
In this spirit, Gilmer-Smith in [25] consider the following problem:
Question: For E ⊆ Z and f (X) ∈ Int(Z), under what conditions are E and
f (E) polynomially equivalent?
In [25], the answer is provided when E is finite and for several special cases
when E is infinite. In every case considered where E is infinite, it was shown
that E and f (E) polynomially equivalent implied f (X) must be linear (in
some cases linear of a special form). These results are of interest in connection
with some terminology and questions raised by Narkiewicz. In [39], Narkiewicz
defines a property (P) for a field as follows.
Definition 1.7. A field K has property (P) if the polynomials f (t) in K[t]
for which f (E) = E for some infinite set E of K, must be linear.
Narkiewicz provides several results about property (P), including that Q has
the property and poses several interesting questions. Note the problem posed
by Gilmer-Smith in [25] is related in that it asked if f (X) must be linear when
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“f (E) = E” is replaced by “E mod pk = f (E) mod pk ” (that is, E and f (E)
are polynomially equivalent) where E is an infinite subset of Z and f (X) is in
Int(Z). We note that the Gilmer-Smith question on polynomially equivalence
of E and f (E) has been recently answered in the affirmative by Fares [17]. A
more general result has been offered by Mulay [38].
All of the above is directly related to the concept of polynomial closure of
a set E (see [4]). More precisely, if D is a domain and E ⊆ D define
E = {d ∈ D | f (d) ∈ D for all f (X) ∈ Int(E, D)}.
That is, E is the largest subset of E such that Int(E, D) = Int(E, D). We
provide in the next section an alternate description to that given in [36] of E
using only elementary arithmetical tools available in the domain D.

2 A New Approach to Polynomial Closure
The work in this section is sparked by the papers [10], [11] and [12] which study
the ring Int(P, Z). In [12, Proposition 2.1] (which is actually a restatement
of [11, Propositions 5.1 and 5.2]), the authors argue that P = P ∪ {±1}
with respect to Z. To show that a polynomial f (X) ∈ Int(P, Z) has the
property f (±1) ∈ Z, they appeal to localizations. In fact, their argument is
based on the following result: for any prime p, Int(P, Z)(p) = Int(Xp , Z(p) )
where Xp = (Z\pZ)∪{p} ([10, Corollaire 3]). We present an elementary proof
of this fact which does not rely on localizations or topological closures (see
[12, Proposition 2.2]). Our primary result is Propositin 2.5, where we give a
new characterization of S̄. We then apply this result to give an elementary
description of the closure of the set of natural prime integers P in both Z and
in the larger domain Z[ı]. We close by applying our method to the set of prime
numbers contained in arithmetic sequence in Z. Proposition 2.11 computes
the polynomial closure of any such set.
In the following, let S be a subset of D, a 6= 0 an element of D and
g(X) ∈ D[X].
Definition 2.1. 1. We say that g(S) ≡ 0 (mod a) if s ∈ S implies that
g(s) ≡ 0 (mod a).
2. We say that g(S) 6≡ 0 (mod a) if s ∈ S implies that g(s) 6≡ 0 (mod a).
Let S1 and S2 be subsets of D.
Definition 2.2. 1. We say that (a, g(X)) separates S1 from S2 if
g(S1 ) ≡ 0 (mod a) and g(S2 ) 6≡ 0 (mod a).
2. We say that a separates S1 from S2 if there exists a g(X) ∈ D[X] such
that (a, g(X)) separates S1 from S2 .
In the latter case, we call a a separator. Clearly a separator is never a unit of
D. We say that S1 and S2 are separable if there is a separator a separating S1
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from S2 or S2 from S1 . We say that S1 and S2 are fully separable if there is
a separator a1 separating S1 from S2 and a separator a2 separating S2 from
S1 . We note that our definition of separates differs sharply from the notion of
Int(D) separating points in the completion D̂ of D as illustrated in [5, Chapter
III.4].
Comments.
(1) If there exists s1 ∈ S1 , s2 ∈ S2 and a ∈ D with s1 ≡ s2 (mod a), then a
cannot separate S1 from S2 . This clearly holds for all a if S1 ∩ S2 6= ∅.
(2) Set D = Z. If S1 and S2 are disjoint and both finite, then S1 and S2 are
fully separable. To see this, let p ∈ P with
!|S2 |
p>

Y
s1 ∈S1

s1

!|S1 |
Y

s2

s2 ∈S2

Q
and set g(X)
Q = s∈S1 (X −s). Clearly g(S1 ) ≡ 0 (mod p). If s2 ∈ S2 , then
g(s2 ) = s∈S1 (sQ
2 − s) 6≡ 0 (mod p) and so g(S2 ) 6≡ 0 (mod p). Similarly,
setting f (X) = s∈S2 (X − s) yields that p also separates S2 from S1 .
(3) If a separates S1 from S2 and 0 6= b ∈ D, then ab also separates S1 from
S2 . To see this, suppose (a, g1 (X)) separates S1 from S2 . Set g(X) =
bg1 (X). Clearly g(S1 ) ≡ 0 (mod ab). Suppose for some s2 ∈ S2 that
g(s2 ) = kab = bg1 (s2 ) for 0 6= k ∈ D. But then g1 (s2 ) = ka, so g1 (s2 ) ≡ 0
(mod a), which is impossible. So g(S2 ) 6≡ 0 (mod ab).
(4) Suppose S1 and S2 are subsets in D with S2 = {α} a singleton. If we can
separate S1 from S2 , then a separator can be chosen of the form pk where p
is a prime in D. To see this, suppose (a, g(X)) separates S1 from S2 . Write
mk
mi
1
a = pm
1 · · · pk . Now, g(S1 ) ≡ 0 (mod a), hence g(S1 ) ≡ 0 (mod pi ) for
mi
1 ≤ i ≤ k. We cannot have g(S2 ) ≡ 0 (mod pi ) for 1 ≤ i ≤ k, since in
i
that case g(S2 ) ≡ 0 (mod a). Therefore, one of the pm
must separate S1
i
and S2 , using the same g(X).
Example 2.3. If S1 and S2 are separable, they may not be fully separable. Let
D = Z and set
S1 =

5
[

{i + 6k | k ∈ N ∪ {0}} and S2 = {0}.

i=1

We have (6, X) separating S2 from S1 . Suppose that (m, g(X)) separates S1
from {0}. From Comment (4), we may assume m is a prime power pk , k > 0.
Whatever this prime power, pk 6≡ 0 (mod 6), thus pk ∈ S1 . As clearly pk ≡ 0
(mod pk ), we reach a contradiction by Comment (1).
We also find points which cannot be separated from S of interest.
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Definition 2.4. Let S be a nonempty subset of an integral domain D. We
say that x ∈ D sticks to S if there does not exist an a ∈ D which separates S
e
from {x}. We denote the set of elements in D which stick to S by S.
Clearly x sticks to S if and only if
∀a ∈ D, a 6= 0, g(S) ≡ 0

(mod a) implies g(x) ≡ 0

(mod a).

Proposition 2.5. Let S be a nonempty subset of the domain D. Then S̃ is
equal to the polynomial closure S of S.
Proof. Note that a poplynomial q[X] ∈ K[X] can be written q = fa , with
f ∈ D[X] and a ∈ D 6= 0. With this in mind for α ∈ D, the following
assertions are equivalent.
• α 6∈ S,
• there exists a polynomial q[X] ∈ K[X] such that q(S) ⊆ D, but q(α) 6∈ D,
• there exists a ∈ D, a 6= 0, and f (X) ∈ D[X] such that f (S) ≡ 0 (mod a),
but f (α) 6≡ 0 (mod a),
• α 6∈ S̃.
2
Notice that our separation method makes verification of the basic properties related to closure relatively simple (see [5, Proposition IV.1.5]). We list
these properties here for the convenience of the reader.
Basic Facts: Let D be an integral domain.
(i) If ∅ =
6 S ⊆ D, then S = S.
(ii) If ∅ =
6 S ⊆ T ⊆ D, then S ⊆ T .
(iii) If {Si } is a family of nonempty subsets of D, then
\
i

Si ⊆

\

Si and

[

i

i

Si ⊆

[

Si .

i

We now offer the promised applications.
Example 2.6. Let D be any integral domain and b, c nonzero elements of D. If
S = {b+cz | z ∈ D}, then every α 6∈ S is separated from S by (c, X −b). Thus
S = S and in general a set which is equal to its closure is called polynomially
closed. In the above construction, set D = Z and suppose both b and c are
positive integers. If S1 is a subset of S with S\S1 bounded above or below (or
both), then S1 = S. To see this, first consider s2 6≡ b (mod c). Then (c, X − b)
separates S1 from {s2 }. Now, let s2 ≡ b (mod c). Suppose (a, g(X)) separates
S1 from {s2 }. Now, s2 = mc + b for some m ∈ Z and by hypothesis, nmc + b ∈
S1 for all n sufficiently large (or small). Choose one such n ≡ 1 (mod a).
Then s2 = mc + b ≡ nmc + b (mod a). This contradicts the supposition that
a separates S1 from {s2 }. Therefore, s2 ∈ S1 .
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Example 2.7. Let SF be the set of squarefree integers. Using Theorem 1.6, one
can argue that SF is its own closure. We show how to obtain this result using
Proposition 2.5. It suffices to separate SF from each y ∈ Z\SF. Suppose that
p2 | y for some prime p. Set f1 (X) = (X − p)(X − 2p) · · · (X − (p − 1)p). Set
f2 (X) = (X − 1)(X − 2) · · · (X − (p − 1)). Set f (X) = f1 (X)f2 (X)p . Now,
consider the pair (pp , f (X)). We claim that this separates SF from y.
If X 6≡ 0 (mod p), then f2 (X) ≡ 0 (mod p), and hence f (X) ≡ 0
(mod pp ). If X ≡ 0 (mod p), then write X = kp. Note that f2 (X) 6≡ 0
(mod p), and hence vp (f (X)) = vp (f1 (X)). Now, f1 (X) = (kp − p)(kp −
2p) · · · (kp − (p − 1)p) = pp−1 (k − 1)(k − 2) · · · (k − (p − 1)). If p - k, then
k 6≡ 0 (mod p) and therefore pp | f1 (X) so f (X) ≡ 0 (mod pp ). Therefore, if
p - k, then f (SF) ≡ 0 (mod pp ). However, if p | k then vp (f1 (X)) = p − 1 and
f (X) 6≡ 0 (mod pp ). Since p2 | y we write y = pk, with p | k. Hence, f (y) 6≡ 0
(mod pp ).
Proposition 2.8. Let P be the set of prime numbers. Then P = P ∪ {±1}.
Proof. If x = ±1, then, by Dirichlet’s Theorem, for each a 6= 0 which is not
a unit in Z, there is a prime p congruent to x (mod a), hence P cannot be
separated from {1} and {−1} by Comment (1).
If x 6∈ P ∩ {±1}, choose a prime p dividing x and let r = vp (x − p) (where
vp (y) is the p-adic valuation of y), then P is separated from {x} by
(pr+1 , (X − p)[(X − 1) . . . (X − p + 1)]r+1 ),
completing the argument.

2

We further demonstrate the versatility of our method by computing P
with respect to Z[ı]. The proof requires a lemma.
Lemma 2.9. Let D = Z[i].
(1) The closure S of a subset S of D such that S ⊆ Z is itself such that S ⊆ Z.
(2) If two subsets of D are separable, then a separator m can be chosen in Z.
Proof. (1) Suppose that α sticks to S (i.e., suppose that α ∈ S). Pick a prime
p such that p ≡ 3 (mod 4). Set
g(X) = X(X − 1)(X − 2) . . . (X − p + 1).
Then g(S) ≡ 0 (mod p) and hence, g(α) ≡ 0 (mod p). As p is prime in D
it divides some α − j, 0 ≤ j ≤ p − 1, in D, and thus clearly divides the
imaginary part of α in Z. As there are infinitely many such primes p, it
follows that α is real.
(2) If z is a separator, then m = zz (where z is the conjugate of z) is an integer
and, by Comment (3), another separator.
2
From the lemma follows this result about the polynomial closure of subsets
of Z in Z[i].
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Proposition 2.10. Let S be a subset of D = Z[i] such that S ⊆ Z, then its
polynomial closure D is the same as in Z. In particular, P = P ∪ {±1}.
Proof. From Lemma 2.9, both closures are contained in Z. Considering α ∈ Z,
we show that it can be separated from S in D if and only if it can be so in Z.
Note that if a, b are integers, then a divides b in Z if and only if this is so in
D.
• Suppose α can be separated from S in Z: there exists (a, g(X)), with a ∈ Z,
and g(X) ∈ Z[X] such that, ∀s ∈ S, a divides g(s) but not g(α) in Z. As a,
g(s), and g(α) are integers, the same division properties hold in D. Hence
α can be separated from S in D.
• Suppose α can be separated from S in D: From Lemma 2.9, the separated
a can be chosen in Z, and there is g(X) ∈ D[X] such that, ∀s ∈ S, a
divides g(s) but not g(α) in D. Write g(X) = g1 (X) + ig2 (X), where both
g1 (X) and g2 (X) have their coefficients in Z. Then, for i = 1 or i = 2, a
does not divide both g1 (s) and g2 (s) in D and hence also in Z. Therefore
(a, gi (X)) separates α from S in Z.
2
Let a and b be relatively prime natural numbers with 1 ≤ a < b and b ≥ 2.
Further, let Pa,b represent the prime numbers in the arithmetic sequence
Aa,b = { a + bk | k ∈ N ∪ {0}}. The method we have developed allows us to
determine the polynomial closure of the sets Pa,b in Z.
Proposition 2.11. Let a, b and Pa,b be as above.
1. P1,2 = P1,2 ∪ {±1} .
2. Suppose that b > 2.
a) If a 6= 1 or b − 1, then Pa,b = Pa,b .
b) If a = 1, then Pa,b = Pa,b ∪ {1}.
c) If a = b − 1, then Pa,b = Pa,b ∪ {−1}.
Proof. Note that Pa,b = P ∩ Aa,b . By Basic Fact (ii) above, Pa,b ⊆ P ∩ Aa,b .
The results follow immediately taking into account Example 2.6.
2
We close with a generalization of the last result.
Corollary 2.12. Let a1 , a2 , . . . , ak , b ∈ Z with 1 ≤ a1 < a2 < ... < ak < b
and k > 1. Suppose that gcd (b, ai ) = 1 for each i and set X = Pa1 ,b ∪ Pa2 ,b ∪
... ∪ Pak ,b . Then:
1. (X − X) ⊆ {−1, 1}.
2. 1 is in (X − X) if and only if a1 = 1.
3. −1 is in (X − X) if and only if ak = b − 1.
Proof. By our hypothesis, b > 2. (2) and (3) follow from the previous proof.
Using an argument similar to that used in Example 2.6, the set
Y = Aa1 ,b ∪ Aa2 ,b ∪ · · · ∪ Aak ,b
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is closed. From Basic Fact (iii),
Pa1 ,b ∪ Pa2 ,b ∪ · · · ∪ Pak ,b ⊆ X ⊆ Y = Y.
The result now follows immediately.

2
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