MATH 579: Combinatorics
Homework 9 Solutions

1. Find the number of integers in [1, 1000] relatively prime to 70.
We have 70 = 2-5-7, 80 S = {s3, 55, 57}. We have f_(0) = f>(0) — f>(s2) — f>(s5) —
fZ(87)+f>(SQUS5)+f>(82US7)+f><S5US7) f>( ) = 1000— wj— MJ—LIOOOJ‘F
(1900 ) 4 [ 1000 4 | 1800 | — | 1990 | — 1000 — 500 — 200 — 1424 100+ 71428 — 14 = 343.

2. Find the number of integers in [1, 720] relatively prime to 720.
We have 720 = 2% -3%-5, s0 S = {s9,53,55}. We have f_(0) = f>(0) — f>(s2) —

f>(s3)— fz(ss)+f2(52U82)+f>(52US5)+f>(53U55) f>(8) =720—|20) — | 20|~
[Z20) 4 | T20) 4 [ 20| 4 | 20] | 20| = 720 — 360 — 240 — 144+ 120+ 72448 — 24 = 192.
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3. Find the number of integers in [1,1000] relatively prime to 210.
We have 210 =2-3-5-7, s0 S = {s9, 53, S5, 57}. We have f_(0) = f>(0) — f>(s2)
)

J=(82) = [=(85) — [=(57) + f=>(s2 U s3) + fo(s2Uss) + f>(s2Us7) + fx(s3Us5) +
f2(83 U 87) + f2(85 U 87) fZ(SQ U S3 U 85) fZ(SQ U S3 U 87) f>(82 U Sy U 87) —
{To(of)?] N f?oc% JS7) LTO(S];?( )L 1&0 JlOO(L)w()OJLlOO([Jw(; JL103([01400 Llo{i(zxjjo L[(i(;(;g |+ %%ﬂ i
- Tl Il I T U I~ 1~ Loy 0l =
1000—500—333—200— 142+166+100+71+66+47+28 33 23—14—9+4 = 228.
a — b
4. Find the chromatic polynomial for: ‘ \
d C

We have § = {ab, ac,ad}, 50 f—(0) = fo(0) — [ (ab) — f(ac) — f(ad) + = (abe) +
f>(abd) + f>(acd) — fs(abed) = 2* — 32 4+ 32 — z

5. Find the chromatic polynomial for:

We have S = {ab, ac, ad, be, cd}, so f—(1)
[>(acd) =8> (abed) +5 f> (abed) — f>(a
xt — b3 + 8x% — 4x.

= f>(0)- ()f>(ab) ()fz(abc)—fz(abc)—
):x — 52341022 - 222 —8x+br—x =

6. Find the chromatic polynomial for:

There are six edges so |S| =6. We Will use symmetry, to avoid having a very hard
time. f>(0) = 2%, f>(1 edge) = 23, f>(2 edges) = x2, f>(4 or more edges) = .
The only tricky blt is with 3 edges. If the three edges form one of the four triangles
abd, abc, bed, or acd, then f>(3 edges) = z%. However for all the other ( ) —4 =16



10.

11.

choices of three edges, f>(3 edges) = z. Hence f_(0) = z* — (})2® + (§)2? — 42? —
162+ ($)z — (g)m + (g)x = ' — 623 + 1122 — 6x. This equals z(z — 1)(z — 2)(z — 3),
which is not a coincidence.

a— b — ¢
Find the chromatic polynomial for: \ /
e — d

We have S = {ab, bc, cd, de, ea}. Note that this graph is triangle-free, so f>(3 edges) =

z?. Further, any four edges form a spanning tree, so fs(4 edges) = z. Hence,

f=(0) = f>(0)— (‘;’) f>(1 edge) + (g) f>(2 edges) — (g) f>(3 edges) + (i) f>(4 edges) —
(2) f>(5 edges) = 25 — 5z* + 1023 — 102? + 5z — v = 2° — 5z* + 1023 — 1022 + 4z.

Determine the number of solutions, in nonnegative integers, to a + b + ¢ + d = 30,
where a < 10, b < 11, and ¢ < 12.

We have S = {s,, $p, S.}, where s, means a > 11, s, means b > 12, and s. means ¢ >

13. For example, note that f>(s,) = ((149)), because we are solving a+b+c+d = 30

with a > 11; so by taking a’ = a—11 we count solutions to a’+b+c+d = 19 in Ny. So,

J=(0) = f>(0)=f>(50) = f>(56) = f> (8e)+f> (5a5p) + [ (Sa5e) + [ (Sp5c) = f> (Sasp5c) =

(o) = (o) = (Ge) = (G2 + (@) + () + () — 0 = 1706.

Determine the number of solutions, in nonnegative integers, to a + b + ¢ + d = 30,
where a < 10, b < 10, and ¢ < 10.

. We have S = {s,, $p, S.}, where s, means a > 11, s, means b > 11, and s. means
¢ > 11. So, f=(0) = f>(0) — 3f>(sa) + 3f>(5a56) — f>(Sasp5e) = ((5) — 3 ((33)) +
3((3) = 1331

Determine the number of solutions, in nonnegative integers, to a + b + ¢ + d = 30,
where 3<a<10,2<b<1l,and 1 <c¢ <12

We start with the substitutions ' = a — 3,0/ = b — 2,¢ = ¢ — 1, which changes
the problem to o' + bV + ¢ +d = 24, where @/ < 7,0 < 9,¢ < 11. We have
S = {Sw, Sy, S }, where s, means a’ > 8, sy means b’ > 10, and s» means ¢ > 12.
S0, f-(0) = f2(0) — fz(sw) = fo(s0) = f2(50) + f (s8] + f> (swrser) + fo(syser) -
Fx(sasyse) = (1) = () — (1) = (G2) + () + () + () — 0= 950.

Determine the number of L.o.d.e.’s of length 10, drawn from [10], where exactly two
integers are in their natural position.

Let’s count how many l.o.d.e.’s have the last two integers in their natural position.
Then, the remaining eight integers are a derangement (i.e. none are in their natural
position). There are Dg = 8!—(3) 71+ (5)6!—(5)5!+(3)4!— () 3!+ () 2!= ) 11+ () 0! =
14833. But now, we could instead have chosen any of the (10) = 45 pairs of elements
to be in their natural position. We can multiply these, as none of these 45 classes
of l.o.d.e.’s have any elements in common. Hence our answer is 667485.



